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Abstract 

We generalize the half-BPS Janus configuration of four-dimensional = 4 super 
Yang- Mills theory to allow the theta-angle, as well as the gauge coupling, to vary with 
position. We show that the existence of this generalization is closely related to the ex- 
istence of novel three-dimensional Chern-Simons theories with = 4 supersymmetry. 
Another closely related problem, which we also elucidate, is the D3-NS5 system in the 
presence of a four-dimensional theta-angle. 
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1 Introduction 



In this paper, we will consider, in four- dimensional AA = 4 super Yang-Mills theory, several 
questions that involve ^-dependence, different choices of unbroken supersymmetry algebra, 
and relations to three-dimensional supersymmetric theories with Chern-Simons interactions. 

We start by reconsidering the Janus solution [1,2]. In A/" = 4 super Yang-Mills theory, 
the Janus solution corresponds to a situation in which the coupling constant depends non- 
trivially on one of the spatial coordinates, which we will call y. The original Janus solution 
preserved the full i?-symmetry group of the theory and violated all supersymmetry. Later, 
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however, variants were found that preserve some supersymmetry and only part of the R- 
symmetry [3], and in fact it is possible to preserve one-half of the full supersymmetry [4]. 
The unbroken supersymmetry algebra is then OSp{4\4), which is a "half-BPS" subalgebra 
of the full PSU{4\4) symmetry algebra of A/" = 4 super Yang- Mills theory. This is the case 
that we focus on. 

Originally, Janus solutions were found in supergravity, but counterparts, which we will 
call Janus configurations, also exist [2,5] in weakly coupled field theory. However, the known 
field theory constructions are not as general as what has been found in supergravity. The 
known field theory constructions are limited to the case that only the gauge coupling g, and 
not the theta-angle 6, depends non-trivially on y. 

One goal of this paper is to generalize the Janus solution to the case that both 6 and 
g depend on y. This is accomplished in section |21 As we explain there, a key input is 
the fact that the relevant unbroken supersymmetry algebra has inequivalent embeddings in 
PS'f/(4|4). To make 9 become ?/-dependent, one must use a y-dependent embedding of the 
superalgebra. 

The problem of making 6 to be y-dependent is related to the problem of Chern-Simons 
couplings in three-dimensional gauge theory. Let us consider a four- dimensional gauge theory 
with 6 a function of y, which is one of the four coordinates. The relevant part of the action 



We write d^x = d^x dy. After integrating by parts and dropping any surface terms, I0 is 
equivalent to 



This interaction is similar to a three-dimensional Chern-Simons interaction, so supersym- 
metrizing a four-dimensional theory with a ?/-dependent 6 angle is somewhat similar to 
supersymmetrizing a three-dimensional theory with a Chern-Simons interaction. 

We therefore re-examine the problem of supersymmetrizing the three-dimensional Chern- 
Simons coupling. Quite a few results are already known. A/" = 3 supersymmetry (in the 
three-dimensional sense) allows one to add a Chern-Simons coupling to a general three- 
dimensional gauge theory that also has the conventional F"^ kinetic energy [6-9]. It has 
been argued [10] that there are additional possibilities if one omits the usual kinetic energy, 
and recently a Chern-Simons theory with Af = 8 supersymmetry (and no F"^ term) was 
constructed [11]. This construction was very special: the gauge group is 50(4), and the 
matter representation is uniquely determined. 

In our problem, the unbroken supersymmetry corresponds to TV = 4 in the three- 
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dimensional sense, so in section 13.21 we consider three-dimensional Chern-Simons theories 
with this amount of supersymmetry, and no coupling. Our approach is to assume M = 1 
super symmetry, which admits a convenient superspace description, and then restrict the 
couplings so that a global 5*0(4) symmetry appears, promoting A/" = 1 to A/" = 4. Moreover, 
we take the superpotential to be quartic so that, just as in [10, 11], the theories we construct 
are conformally invariant at the classical level, and presumably also quantum mechanically. 

We are able to completely classify theories of this kind, in terms of supergroups. The 
gauge group is the bosonic part of a supergroup, and the matter representation is deter- 
mined by the fermionic part of that supergroup. Leaving aside theories with abelian gauge 
symmetry or associated with certain exceptional supergroups, the main examples correspond 
to the supergroups U{N\M) (or their cousins SU{N\M) and PSU{N\N)) and OSp{N\M). 
The gauge groups are U{N) x U{M) and 0{N) x Sp{M), and the matter fields are in the 
bifundamental representations. 

The same groups and representations arise in the theory of D3-branes interacting with 
NS5-branes. This fact suggests that it would be fruitful to combine the following three prob- 
lems: Janus configurations, D3-branes ending on fivebranes, and three-dimensional Chern- 
Simons couplings. This is our goal in the rest of the paper. In section 13.41 we repeat the 
analysis of section [2] using three-dimensional A/" = 1 superfields. In contrast to section O in 
which we start with the full i?-symmetry and constrain the couplings to get supersymmetry, 
here we start with Af = 1 supersymmetry (in the three-dimensional sense) and constrain the 
couplings to get the full i?-symmetry. The two approaches lead to the same Lagrangians 
with the same supersymmetry. 

In section 13. 5^ we apply this method to the D3-NS5 system. We find a close parallel 
with the purely three-dimensional results of section 13.21 and this enables us to resolve a 
riddle. This system is usually considered at ^ = 0, and its appropriate description for 6* 7^ 
does not seem to be known. The answer is given by a special case of our construction. 
Equivalently, we can use our method to describe at ^ = a system consisting of a D3-brane 
and a (1,^) five-brane (a combination of an NS-fivebrane and q D-fivebranes) . The low 
energy description of this system has also not been understood in the literature. Closing 
the circle, we show that the Janus configuration can be recovered from a knowledge of the 
D3-NS5 system with general couplings. 
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2 Janus Configuration With Spatially Varying Theta 
Angle 



2.1 Preliminaries 

J\f = 4 super Yang-Mills theory is conveniently obtained by dimensional reduction from ten 

dimensions [12]. We begin in R^'^, with metric gu, /, J = 0, . . . , 9 of signature — h H h. 

Gamma matrices Tj obey {F/, Tj} = 2gij. and the sui)ersymmetry generator is a Majorana- 
Weyl spinor £, obeying Te = e, where F = FqFi ■ ■ ■ Fg. The fields are a gauge field Aj and 
Majorana-Weyl fermion ^, also obeying F\E' = ^. Thus, e and both transform in the 16 
of 5*0(1, 9). The supersymmetric action is 

7 = ^ y d^°xTr QfjjF^-^ - mr^Di^f^ . (2.1) 

The conserved supercurrent is 

= -TrF-^^Fj^^F^*, (2.2) 

and the supersymmetry transformations are 

5Ai = isTi^ (2.3) 
5-^ = ^r'-'Fjje. (2.4) 

We reduce to four dimensions by simply declaring that the fields are allowed to depend 
only on the first four coordinates x'^, . . . ,x^. This breaks the ten-dimensional Lorentz group 
5*0(1,9) to 50(1,3) X 50(6)i^, where 50(1,3) is the four-dimensional Lorentz group and 
50(6)r is a group of i?-symmetries. Actually, the fermions transform as spinors of 50(6)r, 
and the i?-symmetry group of the full theory is really Spin{6)R, which is the same as SU{4:)r. 
The ten-dimensional gauge field splits as a four-dimensional gauge field A^, ^ = 0, . . . , 3, 
and six scalars fields Aa+j, i = 1,...,6 that we rename as $i. They transform in the 
fundamental representation of 50(6)ij . The supersymmetries e and fermions ^ transform 
under 50(1, 3) x 50(6)r as (2, 1, 4) (1, 2, 4), where (2, 1) and (1, 2) are the two complex 
conjugate spinor representations of 50(1, 3) and 4, 4 are the two complex conjugate spinor 
representations of 50 (6) i^. 

In a Janus configuration, the coupling parameters depend non-trivially on one of the four 
spacetime coordinates, which we take to he y — x^. To preserve half of the supersymmetry, 
it is necessary to break the it!-symmetry from 50(6) to 50(3) x 50(3). A special case of 
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a Janus configuration is one in which the couphngs jump discontinuously at, say y = 0. 
Such a configuration is invariant under those conformal transformations that preserve the 
plane y — 0. The group of such conformal transformations is the three-dimensional conformal 
supergroup SO{2, 3), whose double cover is (the split real form) -S'p(4, M). The corresponding 
supergroup is OyS'p(4|4), whose bosonic part is 5'0(4) x 5'p(4). The second factor is the 
conformal supergroup and the first factor is the i?-symmetry group (5*0(4) is a double cover 
of 5*0(3) X 5*0(3)). The spatial variation of couplings in a conformally invariant Janus 
configuration reduces P5'C/(4|2, 2) to 05*^(414). A more general Janus configuration reduces 
P5'C/ (4|2, 2) to the subalgebra of 05*^(414) consisting of symmetries that preserve a metric 
in spacetime. This subalgebra is usually called the three-dimensional global supersymmetry 
algebra with J\f — 4 supersymmetry (8 supercharges) and i?-symmetry group 5*0(4). 



2.1.1 Outer Automorphism 

A key feature of this problem is that there is a one-parameter family of inequivalent em- 
beddings of 0,Sp(4|4) in PSU{4\2,2). The reason for this is that PSU{'i\2,2) has a one- 
parameter group of outer automorphisms. Represent an element M of P5'C/(4|2,2) by a 
supermatrix 



where 5* and V are bosonic 4x4 blocks and U and T are fermionic ones (in PSU{A\A), M 
has superdeterminant 1 and is identified with AM for any scalar A). Then P5'C/(4|4) has a 
group F = C/(l) of outer automorphisms, acting by M — > VMV"^ with 



Conjugation by t/(l) generates a one-parameter family of embeddings of 05*p(4|4) in PSU (4|4) . 

Concretely, the fermionic generators of PSU{A\2,2) transform under the bosonic sub- 
group SU{4) X SU{2, 2) as 4 ® 4 e 4 ® 4', where 4 and 4' are the four-dimensional rep- 
resentations of 5*f/(4) and SU {2,2), respectively. Once we reduce 5*[/(4) and SU {2,2) to 
5*0(4) and 5*p(4,]R), the representations 4 and 4' become real. S representation 
of 5*0(4) X 5*p(4,M), the fermionic generators of PSU{4\2,2) consist of two copies of the 
real representation 4 4'. These two copies are rotated by the outer automorphism group 
F = 5*0(2). If we pick any linear combination of the two copies of 4(8)4', then this, together 
with the Lie algebra of SO{A) x 5p(4,R), gives an OSp{A\A) subalgebra of PSU{A\A). 

Though we have described this in the conformally-invariant case, conformal invariance 
is not essential. All statements remain vahd if we replace 5*p(4, M) by its subgroup that 




(2.5) 




(2.6) 
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preserves a metric; this is simply the three-dimensional Poincare group. In its action on the 
fermions, the Poincare group reduces to the three-dimensional Lorentz group 5*0(1,2). 



Conformally-invariant Janus configurations are particularly interesting, but they are not 
generic. We will not impose conformal invariance in the following analysis. 



2.1.2 Notation 

It is convenient to split the scalars $j, z = 1, . . . , 6 into two groups acted on respectively by 
the two factors of 50(3) x 50(3) C 5*0(6)/;. We take these two groups to consist of the 
first three and last thre^ll $'s; we rename ($i, $2, $3) as X = (Xi,X2,X3) and ($4, $5, $5) 
as Y = (Yi,Y2,Y3). We sometimes write 5*0(3)^ and 5'0(3)y for the two 5*0(3) groups. 

Though the 16 of 50(1,9), in which the supersymmetries transform, is irreducible, it is 
reducible as a representation of W = 50(1,2) x 5*0(3)^ x 50(3)y. Indeed, the action of 
W commutes with the three operators 



They obey Bq = —1, Bf = B2 = 1, and BqBi = —BiBq = B2, etc., and generate an 
action of 5*1/(2, M). We can decompose the 16 of 5*0(1,9) as Vg ® V2, where Vg transforms 
in the real irreducible representation (2,2,2) of 50(1,2) x 50(3)x x 50(3)y, and V2 is a 
two-dimensional space in which the Bi are represented by 



A 1^-invariant embedding of the eight supercharges of three-dimensional A/" = 4 super- 
symmetry into the four- dimensional supersymmetry algebra can be obtained by putting a 
constraint on the supersymmetry generators 



Bo 
Bi 
B2 




(2.7) 




(2.8) 



(sin^/^Si + COS1PB2) e = e, 



(2.9) 



In ten-dimensional notation, X is related to ° and Y to x" ,x°,x . 
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for some ip. The possible choices are rotated by the one-parameter group generated by Bq. 
This is the outer automorphism group F. If e and e obey fl2.9p (with the same value of tp), 
then 

eTse = 0. (2.10) 

The physical meaning of this is that, as a Janus configuration is not invariant under trans- 
lations of y = x^, the anticommutator of two fermionic symmetries of such a configuration 
never generates a translation in the y direction. 



2.2 Construction 



A/" = 4 super Yang-Mills theory has been generalized in [5] to allow a y-dependent coupling 
constant while preserving half the supersymmetry. We will extend this to include a varying 
6 angle. 

We begin with the unperturbed A/" = 4 action 

/= I d^x^Ti (^Fi J F^'' -i^T^Dj^j (2.11) 



and supersymmetry transformations 



6Ai = ieTi^if (2.12) 
= Ir^'Fije. (2.13) 



We will perturb both the action and the supersymmetry transformations to be y-dependent, 
while preserving half of the supersymmetry. The generators e of the unbroken supersym- 
metries will themselves also be y-dependent. (This fact is perhaps the main novelty in our 
analysis here.) However, the ?/-dependence of e is rather special. The commutators of two 
unbroken supersymmetries will be, of course, a translation in the directions , with 

l/-independent coefficients (since ^/-dependent translations of the other coordinates do not 
give symmetries). This is tantamount to the condition 

-5^£r^£ = 0, u = 0,l,2. (2.14) 
dy 

For this to hold, the y-dependence of e must be generated by the outer automorphism group 
F. This result will emerge below from our explicit calculation (see eqn. (12.281) ). 

Now we describe the corrections to the supersymmetry transformations and to the action. 
Dimensional analysis permits us to add a correction to the supersymmetry transformation 
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of ^: 

6^ = -{r-X (Sir456 + SsFygg) + T ■ F (tir456 + t2r789)) B, (2.15) 

where T-X and T-Y are abbreviations, respectively, for J2a ^a-^" and J2p Tp^^- Here Si, S2, ti 
and ^2 will be functions of y = x^, along with other parameters that appear momentarily. 

To the action, we can add fermion bilinear terms: 

I' = J d^x^Tr^ (aroi2 + pT^^e + iTrss) ^. (2.16) 

This is the most general fermion bilinear that is gauge-invariant and has 5*0(1, 2) x 5*0(3) x 
5*0(3) symmetry. It is also possible to add the following dimension 3 bosonic terms to the 
actioro: 

/" = J d^x^ (^ne^^^Tr (^A^d^A, + '^A^A^A,^ + ^e'^^'^Tr X.fX^, XJ + |e^«^Tr F,]^ 

(2.17) 

Finally, the action can have terms of dimension 2: 

d^a;Tr ( + ^YpYp] . (2.18) 



It is convenient to define 



2e2 " 2e2" 



d 1 



q = e' — -. (2.19) 
ay 

We consider q and similarly de/dy and the parameters a,/3,7, Si,tj, and u,v,w to be of 
first order, while r and r, the second derivatives of and e, and the first derivatives of the 
other parameters are second order. (Of course, homogeneous quadratic expressions in first 
order quantities are second order also.) We already know that the zeroth order variation of 
I vanishes, since the pure Af = 4 theory in four dimensions is supersymmetric. We need to 
examine the supersymmetry of the first and second order quantities. 



2.3 First Order Variations 



When we act with the unperturbed supersymmetry variation S on the unperturbed action 
/, the zeroth order terms vanish, as just noted, but we do get first order terms involving the 

^The e symbols that appear here are antisymmetric tensors in the 012, 456, and 789 subspaces, normahzed 

to e012 ^ £456 ^ g789 ^ i_ 
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y derivatives of and e: 

5I\, = -iTr j ^^x^^V^^FklT^^ (2.20) 



2 Tr j d^xj^eV^V^'^FKL'^. (2.21) 

First order variations come from several other places. The unperturbed supersymmetry 
variation 5 acting on the perturbed action /' gives 

51' --iT^J d^x^er'-'Fij (aFois + pr^m + 1^789) (2.22) 

The perturbed supersymmetry variation S acting on the unperturbed action / gives a first 
order contribution 

5I\i^iTrJ d^x^e ((sir456 + S2V,s^)V"'DiXa + {hV^^^ + t2V,^^)V'^DiYj)) (2.23) 
The remaining first order terms come from 51": 

51" = ^Tr y" d^x^ {u e^^^fr^^F.A + t;e'^^^£r„^[X„, + weP'^'eFp^I/iYg, F,]) . (2.24) 

Now let us give some samples of the use of the above formulas. First we consider variations 
proportional to D^Xa^if, contracted with s and some gamma matrices. The sum of such 
contributions comes out to be 

i J d^X^ ~ + 2£(Q;roi23 - /3r3456 + 7r3789) - S {siF^ABe + S2r3789)^ Tr L>^X„r^„3*- 

(2.25) 

The condition for vanishing of terms of this form therefore gives 

-2^-qe + 2s{aTou3 - ^^^56 + 7^3789) - e {s^V^^^q + SsFsygg) = 0. (2.26) 
dy 

A similar analysis of terms proportional to D^Xg^ gives a very similar equation with a 
couple of signs reversed: 

de 

2— - + 2£(-aFoi23 - /5F3456 + 7r3789) - e (S1F3456 + S2F3789) = 0. (2.27) 

By subtracting the last two equations, we get an equation that determines the y-dependence 
of e: 

^ = a;£roi23- (2.28) 
dy 

10 



(This shows that e varies with y by an element of the outer automorphism group F, for 
reasons explained at the beginning of section [2!2|) . We will also need the transpose 



^ = aroi23^. (2.29) 
dy 



Notice that as expected 

d 



^ eV'^e = aeVn2zV'^e + aeV^Vm2ze = () (2.30) 
dy 

and 

^eV^'e = a€Toi23T''e + aer'^Foias^ = (2.31) 
dy 

The sum of the two equations gives 

= 6{{si + 2/5)13456 + {S2 " 27)13789 + q) ■ (2.32) 



It is convenient to regard this as an equation that uniquely determines Si and S2 in terms 
of e, P, 7, and q. Indeed, if written out explicitly, eqn. fl2.32p is equivalent to a pair of linear 
equations that have a unique solution for the unknowns Si, S2- Explicitly solving for si and 
S2 makes the formulas more complicated, and for now it is more convenient to simply leave 
the equation for si and S2 in the given form. 

Upon exchanging X and Y, and considering terms proportional to or D^Yp'^, we 

get two more similar equations. One linear combination gives f l2.27p again, and the second 
gives the counterpart of (12.321) : 

= eiih - 2/?)r3456 + (^2 + 27)r3789 + q) ■ (2.33) 

A similar analysis of terms proportional to [Xa,y^]\I' gives the following condition: 

-2^-qE- 2£(aroi23 + PT^^^e + Trarsg) - ^((^i + ti)r3456 + (^2 + t2)r3789) = 0. (2.34) 
dy 

With the aid of the above formulas, this reduces to 

= e (4aroi23 + 2/313456 + 27r3789 - q) ■ (2.35) 

This equation determines (3 and 7 in terms of e, a, and q, and then eqns. ( 12.32^ and ( I2.33P 
similarly determine si, S2,ti and ^2 in terms of the same variables. 

The analysis of the remaining first order terms in the variation of the action is similar. 
The terms proportional to D^X'^'^ vanish with the aid of the above formulas. The vanishing 
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of terms proportional to F^^^"^, [Xa,Xh]'^, and [y^,Y'(j]\l/ serves, respectively, to determine 
the coefficients u, v, and w in eqn fl2.17p . 

Let us work out the terms Ff^^'^. In doing so, for brevity we omit the usual factors 
i f d^x^ Tr, leaving the integration and the trace understood. From 6I\i, we get 

- £«roi23r^'^F^.r3^ - ^eqTsT^''F^,^. (2.36) 

And from 61', we get 

- eT'^^F^, (aroi2 + (3T^,q + 71789) ^. (2.37) 
There is no contribution from 6I\i. These contributions add to 

- e (2aroi23 - /5r3456 - 7r3789 + |) T'^'' F^^T^,^ . (2.38) 

With the aid of eqn. (12.351) . this collapses to 

- 4a£roi23r^'^F^,r3^ = Aaee'^-'^F^^Tx. (2.39) 

Comparing to fl2.24p . we see that the remaining supersymmetry variation 61" will cancel this 
term precisely if 

u = -4a. (2.40) 

A very similar analysis of the terms [Xa, Xb]'^ and [Yp, Yq]'^ shows that these contributions 
to the supersymmetry variation similarly cancel if 

V = -4/3, w = -47. (2.41) 

To summarize what we have obtained so far, we may begin with two arbitrary functions 
a{y) and q{y) and an arbitrary initial value of e{y) at, say, y = y^. The y-dependence of e 
is then determined from eqn. fl2.28p . and the other equations determine everything else in 
terms of a, g, and e. So far aiy) and q{y) are arbitrary, but it turns out that vanishing of 
the second order variations places a non-trivial restriction on these functions. 



2.4 Second Order Variations 

There are three sources of second order variations. 

The supersymmetry variation of /'", the part of the action that is of dimension 2, is easily 
computed: 

61"' = i j d^x^Tre (rr -X + TT ■Y)^!. (2.42) 
12 



It is of second order simply because we consider r and r to be second order quantities. 

The modified supersymmetry variation 6 acting on the correction /' to the action, is 
again not difficuh to compute: 

6l' = -t J d^X^Tr£(^((sir456 + S2r789)r-X + (tir456+t2r789r-y))(«roi2+/5r456+7r789))^. 

(2.43) 

This is equivalent to 

SI' = ~t j d^X^Tr£(^((sir3456 + S2r3789)r-X + (tir3456+t2r3789r-F))(-aroi23+/5r3456 +7r3789)^^. 

(2.44) 

This can be further simplified using eqns. f l2.32p and (12.331) . The terms involving X become 

= / d'a^^Tr ^(^(2/5' + 27^ + (27a + g/3)r3456 + (2/3a - g7)r3789 + garoi23)r ■ X^^ . 

(2.45) 

The terms involving Y can be analyzed similarly, but one can also take a short cut using 
symmetry, as we explain below. 

The remaining second order terms are 

5/I2 = -ij d^xTr ((^ + iA) [e{s,T,,,, + .2r3789)))r ■ 

j ^'^Tr((^ + ^^)(e(tir3456 + t2r3789)))r-FvI;. (2.46) 
This can again be simplified using (I2.32p and (12.331) . The terms containing X become 
= -ij d^xTr ((^ + lA) (^(-2/313456 + 27r3789 - g)))r " XVI/ 

= -i j dS^Tie{{-2(3' -I3q + 2^a)Tum + (27' + iq + 2^a)r3789 - garoi23 - |- - g'^ ■ X^ 

(2.47) 

The sum of dl'x and 5I\2,x is 

-^Tr j d^a;^£(^(-2/5' + 47a)r3456+(27'+4/3a)r3789+(2/5' + 27'-y-g'))r-X^. (2.48) 

The terms proportional to £roi23 have canceled, but the terms involving er3456 and £r3789 
have not canceled. As a result, it is not in general possible to cancel (I2.48P with an additional 
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contribution of the form fl2.42p . This is possible if and only if e is an eigenvector of the matrix 
appearing in (12.481) . We need 

e{{-2[3' + 47a)r3456 + (27' + ^Pa)^^^^^ = eX, (2.49) 

where A is a multiple of the identity. This condition is equivalent to the expected one (12. 9p . 
with now determined in terms of a, jS, 7. 

Now let e and ehe any two generators of the unbroken supersymmetry. Then eV^e = 0, 
according to eqn. (I2.10p . So contracting (12.490 with T^e enad expressing the result in terms 

of Bi = 13456, B2 = r3789, We get 

= €Ts(^{-p' + 27a)5i + (7' + 2pa)B2^e. (2.50) 
Let us decompose that in three terms 

= sTs (^-P'B, + 7'52^ £roi23r3 (^7^2 - PB,^ ae + eV-, (^7^2 - PB^^ aTo,23e. (2.51) 
This recombines to 

^ieT-,{(3B,-^B2)e}=0. (2.52) 

So we can integrate to give 

eTsi|3B^-^B2)E = C, (2.53) 

with a constant C. 



It is convenient to write the 16-dimensional space of positive chirality spinors (in which 
e takes values) as ® V2, where Vg is an eight-dimensional space acted on by a double cover 
of W = S0{1,2) X S0{3)x X S0{3)y, and V2 is a two-dimensional space in which act the 
matrices Bq,Bi, and B2 of eqn. (12. 8p . We take e = v ® Eq, e = v ® Eq, with v,v E Vg, 
eo,eo e V2. The quadratic form (e,e) = er3? is symmetric in e,?. It can be decomposed 
as the tensor product of an antisymmetric inner product in Vg and an antisymmetric inner 
product in V2. To write the inner product in V2, we write Eq as a column vector 




(2.54) 



and define Eq as a row vector: 

£q = (-6 a) . (2.55) 
Then the antisymmetric inner product in V2 can be defined by 

{eo,eo) = eqEq. (2.56) 
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Equation (12.291) shows that the y evolution of Eq is just an 5*0(2) rotation. Let us work 
in a basis in which Bq,Bi, and B2 act as in eqn. (12. 8p . and normahze at some value of y 
so that 

for some ip. Then (I2.29P implies this form is valid for all y and moreover 

ip' = 2a. (2.58) 

We set £0 = ^0; and plug the expression (I2.57P into (I2.53p . with the result 

l3cosip + -fsmilj = C (2.59) 

Now we can eliminate f3 and 7 from equations (12.351) . by contracting with Fse'for a conve- 
niently chosen ?. If we take 'e = v ^Eq with 

then (12.351) reduces simply to 

= 2iIj' cos 2iIj + 2(3 cos ip + 2'~f sin ip — q sin 2?/) 
= 2?/''cos2^-gsin2?/' + 2C. (2.61) 

2.4.1 Exchange of X and Y 

We can repeat this analysis with X and Y exchanged, but it is more illuminating to observe 
that the problem has a symmetry that exchanges X and Y . As a transformation of the 
underlying ten-dimensional spacetime, the relevant symmetry acts by x^^* ^ x^"*"*, i = 1, 2, 3, 
together with a reflection of one of the coordinates x^,x^,x^ (so as to preserve the overall 
orientation). On the above variables, the transformation exchanges (3 with 7 and Bi with 
B2. It also changes the sign of a and maps if) to 7^/2 — ip. (This is implied by the relation 
a = dip/dy and the fact that the symmetry exchanges eigenvectors of Bi with eigenvectors 
of S2-) The formulas we obtain are symmetric in X and Y, even though this is not manifest 
in the derivation. For example, the symmetry is present in (12.6 ip . 



2.5 Interpreting And Solving The Equations 

According to (I2.17p . the supersymmetric Lagrangian has a three-dimensional Chern-Simons 
interaction, integrated in four dimensions: 




(2.62) 
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Let us compare this to the 6'-term of four-dimensional super Yang-Mills theory. This 
usually takes the form 

= y d^x^e'^^"^ Tr F^^F^p. (2.63) 

Usually, one assumes ^ to be a constant and then the integral is a topological invariant. 
However, we wish to assume that ^ is a function oi y = . Then, after integration by parts, 
we can write 

h = ^j d^x^iy^e^'^^Tr (^A^d.A^ + '^A,A,A^ . (2.64) 
We see that we can interpret the combination u/e^ as ^'/Svr^. 



On the other hand, in eqn. fl2.40p . we concluded that u = —4a. So we have a more direct 
interpretation of a: 

327r2 



The other key equation governing the y-dependence of the couphngs is (12.611) : 

-2^'cos2^/' + gsin2^/' = C. (2.66) 

Let us look for a domain wall solution in which the y coordinate extends over the whole real 
line and the coupling parameters and 6 are both constant for y —>■ ±oo. Then ip' and 
q = —dlne^/dy must vanish for y —>■ ±oo. This being so, the integration constant C must 
also vanish. So the equation reduces to 

= -2^' cos 2?/' + g sin 2?/'. (2.67) 



Recalling that a = 4''/2, q = e'^d{l/e'^)/dy, we can rewrite eqns. ( 12.65P and ( 12.67P in the 
form: 

dy 167r2 dy 



-2^cos2?/^ + e2sin2?/'-^^ = 0. (2.68) 
ay ay e"' 



These equations have the remarkable property of being invariant under reparametrization of 

y- 

Perhaps more to the point, we can solve them. (12.671) is equivalent to 

(- In sin 2i; + ^(l/e^)) = 0, (2.69) 
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so it says that 

^ = D?An2^, (2.70) 



e2 



with some constant D. Then we have dO/dy = —{lQTi'^/e^)dil)/dy = — IGn'^D sin 2ip dip/ dy = 
diS-n'^D cos 2iIj) / dy. So we get 

e = 2Tia + %Ti'^Dcos2'4), (2.71) 
with another integration constant a. 

The results for 9 and 1/e^ are conveniently expressed in terms of the usual r parameter 



9 2m , „ , 

T = — + — , 2.72 
2tt 



which takes values in the upper half plane. We have 

r = a + 47rL'(cos2?/) + isin2^). (2.73) 

Thus, r takes values in a circle of radius 47rD, centered at the point r = a on the real r 
axis. (Just half of this circle is in the upper half plane.) Curves of this type are precisely 
the geodesies on the upper half-plane, with its standard SL(2, M)-invariant metrical This 
unexpected appearance of S'L(2,M) symmetry means that our results are compatible with 
what is found in supergravity [1,2,4], where S'L(2,M) symmetry is manifest. 

Now we can classify half-BPS domain walls of this type. We pick any two points r_ and 
r+ in the upper half-plane and look for a domain wall with the property that T{y) t± 
for y —> ±oo. Any two points r+ and r_ in the upper half plane are connected by a unique 
geodesic L, and the trajectory T{y) must lie on L for all y. We gain absolutely no information 
about the function T{y) except that its image lies on L and that the limits for y ±oo are 
T±. In particular, since the equations are invariant under reparametrization of y, there is no 
restriction on how the path from r_ to r_|_ should be parametrized. 



2.5.1 Solving For The Remaining Variables 

From now on, we will keep C = 0. We return to eqn. fl2.35p . and contract with T^Eq. The 
result is 

ijj' + (3 cos ifj -'y sin ifj = 0. (2.74) 



■^A quick way to show this is to observe that the hne Rer = is certainly a geodesic, since it is the fixed 
hne of the isometry r — r. Every geodesic is the image of this one under an 5^(2, M) transformation. On 
the other hand, an SL{2,M.) transformation maps the hne Rer = to a semi-circle in the upper half-plane. 
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Combining this with the C = (3 cos V' + 7 sin ijj = we finally get /3, 7: 



P 



2 cosip 



Hence 



Similarly, 



7 = (2.75) 
2 simp 

From the ansatz (12.571) for Eq and the explicit form of the matrices Bi and B2, we get 

er^ (sin ipBi + cos + 1) = 0. (2.76) 
By acting on (I2.32p with and comparing to the last equation, we learn that 

s^ + 2(3 = -qsiml) = -2ip' cosijj + —— (2.77) 

cos ip 

and 

lb' 

S2 - 27 = -g cos = +2^' sin tp — (2.78) 

smip 

sin^ iIj 

si = 2^' -, S2 = 2^'sinV^. (2.79) 

cos ip 

COS^ '?/' 

ti = -2^1;' COS ijj, t2 = -2^' -. (2.80) 

smip 

The eigenvalue A in eqn. (12.491) turns out to be A = (d/dy) (tp' /sinip cosip) ■ Finally, we 
can solve for r 

r = X + 2p^ + 2-f^ -q' = 2{iP' tan ^j)' + 2{iP'f (2.81) 

and by symmetry 

f = -2 cot Ip)' + 2{^'y (2.82) 



2.5.2 Conformally Invariant Limit 

Now (generalizing section 6 of [5]) we would like to ask whether, classically, it is possible to 
take a limit in which the Janus configuration becomes conformally invariant. As we have 
presented it so far, this configuration involves an arbitrary parametrization T{y) of an arc 
in the upper half plane. To achieve conformal invariance (which acts by rescaling of y), 
T{y) should simply have a discontinuity, say r(y) = r_ for ?/ < and r(?/) = r+ for y > 0. 
When this is the case, q = (d/dy) ln(l/e^) and 6' have delta function singularities; terms in 



18 



the action linear in q or 9' give contributions to the action supported at the interface. After 
integration by parts, the same is so for terms hnear in q' or 6" . But contributions proportional 
to q^ or [d'Y are divergent in the conformally invariant limit. Our above formulas contain 
such terms, in view of the formulas for r and r. 

In the absence of a varying 9 angle, this problem can be avoided [5] by a position- 
dependent rescaling of scalar fields. The same is possible in our case. After integration by 
parts of the ip" term, the rX^ part of the action becomes 

ArTr (-4V''tan^X"X^ + 2(^')^tan2^/>X'^Xj . (2.83) 

This combines with the {dyXY term to a perfect square 

4Tr(X' -^'tan^X)l (2.84) 

Similarly for the terms, one gets 

^TiiY' + cot ^Yf. (2.85) 



If we define new scalar fields X = Xcosip and Y = Ysinip, the action simplifies. The 
terms just written become simply 

/ jdX/dy)' ^ {dY/dyf 
I cos^ il) sin^ ip 

Both {i^'Y and ip" disappear from the action, which becomes linear in xp' . Hence the action 
has a well-defined limit to a localized discontinuity in r. 

Furthermore, Si/ S2 = ^1/^2 = tanip. This means that the combination of gamma matrices 
which appears in the extra term (12.151) in the supersymmetry transformation is proportional 
to i^isin-^ + B2COS1P, which leaves e invariant. So the correction to the supersymmetry 
transformation is ^ 

5^ = -r^r ■ Xip' tan ^ e + V^V ■ Yip' cot ip e. (2.87) 

We can combine this with the similar term in the unperturbed supersymmetry variation 
5^ ~ Tar ■ {dX/dy)e + T3T ■ {dY/dy)e + ... to 

+ e. (2.88) 

cosip smip I 

The structure that we have just found will be more apparent from a different viewpoint 
explained in section [3^ 
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3 3d Superfield Method 



3.1 Overview 

Our computation in section[2]was based on assuming the relevant i?-symmetry and adjusting 
the couphngs to achieve supersymmetry. Here, we will follow a different approach, using 
superfields to make manifest = 1 supersymmetry and then adjusting the couplings to 
achieve i?-symmetry - which then implies the full A/" = 4 supersymmetry. 

But instead of merely repeating the problem studied in section [2] with a different approach, 
we will here study several closely related problems. So first we give an overview of the 
contents of this section. 



3.1.1 A Three-Dimensional Problem 

It is simplest to start with a purely three-dimensional problem. From a three-dimensional 
point of view, the generalized Janus configuration proposed in the previous section con- 
tains a Chern-Simons interaction as in eqn. fl2.62p . Of course, this configuration also has 
A/" = 4 supersymmetry in the three-dimensional sense (eight supercharges, not counting 
superconformal symmetries). This suggests that our subject is related to the problem of 
three-dimensional Chern-Simons interactions with J\f = 4 supersymmetry, and that will 
turn out to be the case. 

As we recalled in the introduction, in three-dimensional nonabelian gauge theory with 
a Chern-Simons term, it is difficult to get past A/" = 3 supersymmetry if a conventional 
F"^ kinetic energy is present]^ However, it has been argued [10] that one can achieve more 
supersymmetry in the absence of the term, and an example with A/" = 8 has been 
constructed [11]. 

"'The standard argument for this (for example, see [6]) is based on the structure of the supermultiplets. In 
2 + 1 dimensions, the rotation group SO{2) is abehan, and the spin of a particle is an integer or half-integer, 
either positive or negative. In the presence of both an F'^ term and a Chern-Simons interaction, the gauge 
fields become massive [13], say with spin 1. The J\f ~ 3 supersymmetry algebra has three spin lowering 
operators, and one can construct a supersymmetric theory of gauge fields, scalars, and fermions in which the 
gauge field is contained in a supermultiplet of states with spins 1, 1/2,0, —1/2. For A/" = 4, one would need 
also states of spin —1, which would also have to arise from gauge fields. Being in the same supermultiplet, 
the spin 1 and spin —1 gauge fields would have to transform the same way under the gauge group, but this 
is not possible for gauge fields in nonabelian gauge theory (gauge fields transform as precisely one copy of 
the adjoint representation). In U{1) x t7(l) gauge theory, it is possible [8] to make an = 4 theory with 
and Chern-Simons interactions; one U{1) gauge boson has spin 1 and the other has spin —1. This is possible 
because, as U{1) x C/(l) is abelian, the two gauge bosons both transform trivially under the gauge group. 
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In section 13.21 making no a priori assumptions about the appropriate gauge group or 
matter representations, we describe a general J\f = 4 superconformal theory of this type. 
Our method is to assume Af = 1 superconformal symmetry, and adjust the couplings to 
find an SO (4) i?-symmetry that ensures that the model actually has A/" = 4 superconfor- 
mal invariance. We achieve a nice classification of models of this type. They correspond 
to supergroups in which the fermionic generators transform in a pseudoreal or symplectic 
representation of the bosonic symmetries. Apart from examples with abelian gauge group, 
the main examples involve the classical supergroups U{N\M) (and its cousins SU{N\M) 
and PSU{N\N)) and OSp{N\M). 

3.1.2 Intersecting Branes 

These examples are related in an interesting way to a certain familiar configuration in string 
theory. Consider a system of parallel D3-branes ending on an NS5-brane from left and 
right - say from the left and M from the right, as in fig. [H We suppose that the D3- 
brane world-volumes are parametrized by , while the NS5-brane world- volume 

is parametrized by x^^x^^x^ and x^,a;^,x^. As usual, we set y = x^. The physics of this 
configuration is well-known. For y < 0, we have U{N) gauge theory; for y > 0, we have 
U{M) gauge theory. At y = 0, there are bifundamental hyper mult iplets, transforming in the 
representation (A^,M) © (N,M) of U{N) x U{M). 

This configuration is half-BPS, that is, it preserves eight supercharges (enhanced to 16 in 
the infrared limit, where the gauge theory becomes superconformal). It remains half-BPS if 
one turns on a ten-dimensional string theory axion field (the supersymmetric partner of the 
dilaton), inducing a four-dimensional theta-angle. However, it seems that in the literature, 
the low energy field theory representing the configuration of fig. [1] in the presence of a 
theta-angle is not known. As we will explain, constructing this field theory is very similar 
to constructing the supersymmetric Chern-Simons actions of section 13.21 

A theta-angle in four- dimensional gauge theory on a half-space is equivalent, classically, 
to a Chern-Simons interaction on the boundary, via a simple integration by parts: 

- ^ / '"^''^ Tr F^^F^p = A / d^xe'^^^Tr ( A^d.A, + "^A^A^A^ . (3.1) 

(M+ is the region y > 0, and (9m+ is its boundary.) So the brane configuration of fig. [1] leads 
to U (N) X U{M) gauge theory coupled to three-dimensional bifundamental hypermultiplets, 
with three-dimensional Chern-Simons couplings for the U{N) and U{M) gauge fields. The 
Chern-Simons couplings have opposite signs, coming from integration by parts from left or 
right. 

This is exactly the structure of one of the main examples of section 13. 2[ the one related 
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M 



Figure 1: A configuration witii N D3-branes ending on an NS5-brane from the left, while M D3- 
branes end from the right. The D3-brane worldvolumes span the 0123 directions, and those of the 
NS5-branes span the 012456 directions. The horizontal direction in the figure represents spacetime 
direction x^, and the vertical direction represents spacetime directions 456. 

to the supergroup U{N\M). The only difference is that the U{N) and U{M) gauge fields 
live in four-dimensional half-spaces, while in section 13.21 they were purely three-dimensional. 

The other main example from section 13.21 is the supergroup OSp{N\M), which corre- 
sponds to gauge group 0{N) x Sp{M), again with bifundamental matter. This example 
also arises naturally from a brane construction. In fact, one simply has to modify the brane 
construction of fig. [1] by including an 03-plane, parallel to the D3-branes. The gauge group 
of the D3-branes is then orthogonal or symplectic, and jumps from one type to the other 
in crossing the NS5-brane. This gives 0{N) x Sp{M) gauge theory (with bifundamental 
hypermultiplets at the brane intersection), as in the OSp{N\M) example from section [3^21 

The fact that the brane configurations give the same gauge groups and matter represen- 
tations as the Chern-Simons theories is too much to be a coincidence, so it is reasonable to 
think that the relevant supersymmetric field theories can be constructed in the same way. 
Demonstrating this will be one of our goals. 



3.1.3 Back To Janus 

But what does all this have to do with the generalized Janus configurations of section 2? 
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Figure 2: A system of N parallel D3-branes intersecting successive NS5-branes. 

The brane configuration of fig. [T]has different "brandies" of supersymmetric vacua. If one 
displaces the D3-branes incident from left and right in the ^ directions (as is actually 

sketched in the figure), then the bifundamental hypermultiplet fields H become massive. 
However, it is also possible to give expectation values to the fields H. This corresponds to 
displacing some of the D3-branes normal to the NS5-brane by moving them in the directions 
x^, x^, - or by moving the NS5-brane in those directions. If = M, the case we will now 
focus on, then it is possible to detach the NS5-brane from all D3-branes. The D3-branes 
that formerly ended from left or right on the NS5-brane instead reconnect to each other, and 
at low energies one is left with J\f = 4 super Yang-Mills theory with gauge group U{N). 

The relation to Janus comes in because it is possible to modify this process slightly. Our 
field theory analysis of the configuration of fig. [T]will show that it is possible while preserving 
supersymmetry for the U{M) theory on the right of the NS5-brane and the U{N) theory 
on the left to have different four- dimensional gauge couplings. Moreover, it is possible to 
pick any embedding of three-dimensional J\f = 4 supersymmetry in the four- dimensional 
supersymmetry algebra, that is, any value of the angle ip in eqn. (12. 9p . and (roughly) any 
four- dimensional theta-angle 6, to the left of the NS5-brane. (The values of ip and 6 on the 
right are then uniquely determined.) 

What happens, then, if we set = M and give an expectation value to the hypermultiplet 
fields? We reduce to a four-dimensional U (N) gauge theory, but now with a coupling constant 
that "jumps" in crossing the hyperplane y = 0. There also are angles ip ot 6 to the left of this 
hyperplane, which jump in crossing the hyperplane in a way that turns out to be consistent 
with eqn. (I2.73p . In short, we reduce to precisely the generalized Janus domain wall described 
in section [2.5.2[ 

We can go farther in this direction. We consider (fig. [2]) a system of parallel D3- 
branes that intersect k successive NS5-branes. From a field theory point of view, in each 
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slab between two NS5-branes (or each half-space to the left or right of all branes) there 
is a four-dimensional U{N) gauge theory. At each interface between two slabs (or half- 
spaces), there are bifundamental hypermultiplets. A supersymmetric configuration can be 
constructed with any values of the angles ip and 6 to the left of all the NS5-branes, and 
any independently chosen four- dimensional gauge couplings in each of the various segments. 
(The values of ip and 6 in the other regions are then uniquely determined, via eqn. fl2.73p .) 
After giving generic expectation values to the hypermultiplet fields, we reduce to a four- 
dimensional theory of U{N) gauge couplings in the presence of k successive generalized 
Janus domain walls. 

A generalized Janus configuration with an arbitrary ^/-dependence of the gauge coupling, 
as described in [5] at ^ = and in section 12.51 in general, can be obtained as a limit of this. 
We take a suitable limit in which k becomes large, the NS5-branes are closely spaced, and 
the individual jumps in the gauge coupling are small. 



3.1.4 Janus and Fivebranes 



It is useful to make explicit the condition for a Janus configuration to preserve the same 
supersymmetry as a defect or boundary which is the field theory limit of a {p, q) fivebrane. 
The original system of D3-branes preserves 16 out of 32 supercharges of the type II string 
theory. Writing ei and 62 for the supersymmetries of left-moving and right-moving string 
modes, the supersymmetries left unbroken by the D3-branes are characterized by 

^2 = roi23^i- (3-2) 

A (p, q) ( ant i) fivebrane extended along the 012456 directions imposes a further constraint 
which depends on the appropriate central charge pr + q. In terms oi t = arg(pr + q), the 
condition is 

£1 = -roi2456 (sin if: £1 + cost 52) • (3.3) 
In the presence of both types of branes, we have 

£1 = (—i?i cost + i?2 sin t) £1. (3.4) 

Comparing this to the constraint fl2.9l) imposed by the Janus configuration, we discover that 
they are compatible iit = \ + On the other hand, the Janus configuration also prescribes 
that 

T = a + AnDe^'"^ (3.5) 

with real constants a, D. This condition defines a semicircle in the upper half plane, which 
intersects the real axis at two points a ± AtiD. 
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The condition arg(pr + q) = ^ + ip is equivalent to 

sin(7r/2 + -i/;) Im (pr + g) 



(3.6) 



cos(7r/2 + '?/') Re (pr + g) 




(3.7) 



sinip a + q/p + AtiD cos 2iIj 
This condition is actually independent of ip, and equivalent to 

a = ~q/p — AttD. 



(3.8) 



So the rightmost intersection of the semicircle with the real axis must be at r = —q/p- 
Provided this condition is obeyed, supersymmetry is preserved when a {p, g)-fivebrane is 
added to a Janus configuration, regardless of the value of ip at the location of the fivebrane. 

We can repeat the same exercise for a {p', q') fivebrane extended along the 012789 direc- 
tions. (The symmetry exchanging directions 456 with 789 is discussed in section 12.4.11 ) The 
requirement is then t = ip and the leftmost intersection of the semicircle with the real axis 
must be at —q'/p'- 

Hence a Janus configuration in which a and D are rational numbers can be combined 
with a {p, q) fivebrane in a supersymmetric fashion, for two different values of p and q. One 
compatible fivebrane runs in the 012456 directions, and has a + AirD = —q/p. The other one 
runs in the 012789 directions, with a — AttD = —q'/p'. 

The specific case of D5-branes, which corresponds to p = 0, requires a special treatment. 
In this case, t is or vr (depending on the sign q), and (13.41) becomes ei = ibr3456£i. This is 
the supersymmetry of the original half-BPS Janus configuration [5], in which the coupling 
constant varies but the Yang-Mills theta-angle does not. This is the case that the trajectory 
is a vertical line in the upper half plane, corresponding to a limit of the semicircle in which 
a,D ^ oo with a — AtcD (or a + 4itD) fixed. 

3.1.5 Organization Of This Section 

In section 13.21 we construct purely three-dimensional theories with Chern-Simons couplings 
and Af = 4 supersymmetry. The technique that we will use is the one that we will follow 
throughout this section: we use three-dimensional Af = 1 superspace to construct a Chern- 
Simons theory with Af = 1 supersymmetry, and then constrain the couplings so that an 
extra global symmetry appears, promoting Af = 1 to Af = 4. 

In section [373| as a prelude to some of the other questions described above, we reformulate 
four-dimensional Af = 4 super Yang-Mills in terms of three-dimensional Af = 1 superfields. 
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In section 13.41 we use this method to recover the generahzed Janus configuration of section 
12.21 This involves a computation that is arguably simpler than the one of section 12. 2[ In 
this formulation, it is evident that the Janus configuration has a conformally invariant limit, 
as found with greater effort in section 12.5.21 In section 13.51 we use three-dimensional A/" = 1 
superfields to analyze the low energy field theories associated with the brane configurations 
of figs. [1] and [21 justifying some claims that were made above. 



3.2 J\f = ^ Chern-Simons Theory 

For any gauge group G, and any hyper mult iplet representation of G, there is a unique 
classical theory with A/" = 3 Chern-Simons couplings. Morally, we want to show that if 
the matter content and gauge group are picked carefully, the resulting classical theory will 
actually possess A/" = 4 supersymmetry, or better 05'p(4|4) superconformal symmetry. It 
is known that the jV = 3 theory is superconformal quantum mechanically as well, and we 
expect the same to be true of the Af = 4 theory. 

In practice, because A/" = 3 superfields are not convenient, we find it useful to start from 
an A/" = 1 Chern-Simons theory coupled to matter and look for an enhancement to A/" = 4. 
The hallmark of A/" = 4 is an 5*0(4) i?-symmetry group under which the four supercharges 
transform in the vector representation. The subgroup of 5*0(4) that leaves fixed one of the 
supercharges is therefore 5*0(3). So we start with an A/" = 1 theory with an 5*0(3) global 
symmetry. We try to adjust the couplings so that the 5*0(3) is enhanced to an 5*0(4) that 
does not commute with Af = 1 supersymmetry. Instead, the 5*0(4) together with the A/" = 1 
supersymmetry generate a full A^ = 4 structure. In fact, the theory is really conformal at 
the classical level, so the J\f = 1 theory we start with really has symmetry 05*p(l|4), and 
the enhancement is to 05*p(4|4). 

The mechanism for symmetry enhancement will be the following. The matter fields will 
be A^ = 1 superfields Q^^ = + i^"A^^ + . . . , where 6'^ are superspace coordinates, Q and 
A are bosonic and fermionic fields, and the index A = 1,2 transforms in the two-dimensional 
representation of a group that we will call SU{2)d, the double cover of the global symmetry 
group 5*0(3) mentioned in the last paragraph. The theory will have Yukawa couplings 
that are schematically of the form Q^X^. Generically, these couplings are not invariant 
under separate SU{2) symmetries acting on only Q or only A. Our strategy is to adjust 
the superspace couplings so that such a SU{2) x SU{2) symmetry appears; in view of the 
relation of SU{2) x SU{2) to 5*0(4), this will enhance N = 1 supersymmetry to A/" = 4. 
(This SU{2) X SU{2) is a cover of the group SO{d,)x x 50(3)y of section El) 

As explained in the last paragraph, we will here make the assumption that one factor 
of SU{2) X SU{2) acts only on Q, and the other factor acts only on A. This ansatz is too 



26 



restrictive to include the recently proposed Lagrangian [11] for an A/" = 8 Chern- Simons 
theory with gauge group 5*0 (4). It may also omit interesting constructions with J\f = 4 
sup er symmet ry. 



Notation 

We generally follow the conventions of [14], chapter 2, for the A/" = 1 superspace in three 
dimensions. We denote spinor indices as Greek indices a, (3, ... . We raise and lower indices 
with a matrix 

C^, = -C-'=(^^ 7) (3.9) 

as 

A„ = A^C^a A° = C"^A^ A^ = lx"Xa = ^A+A" (3.10) 

Several useful relations are listed in appendix El Superspace coordinates will be denoted 
as 0". A basic real superfield is expanded as 

Q = g + rA«-e2FQ (3.11) 

For such a superfield, the kinetic term is 

- ^ / {d.Qf = —d^Qd'^Q + ^X^m^Xp + (3.12) 
A real superpotential may be added: 

j d^e W{Q) = W"{Q)X^ + W'{Q)Fq. (3.13) 



To describe n hypermultiplets in terms of A/" = 1 superfields, we introduce 4?7, superfields 
Q^, / = 1, . . . , 2n, A = 1,2. The group SU (2)^ acts on A, while Sp{2n) acts on I. The gauge 
group G will act via a homomorphism to Sp{2n), so the hypermultiplets form a quaternionic 
representation of G. The metric on the hypermultiplet space will be e^^ujj, where e^^ 
and ujj are respectively S'?7(2)-invariant and S'p(2n)-invariant antisymmetric tensors. The 
structure constants will have a quaternionic form rf} = T^^ukj, symmetric in IJ. (Here 
m runs over a basis of the Lie algebra g of G.) Q obeys the natural reality condition 

The gauge multiplet consists of a superconnection Fq, and F^ entering supercovariant 
derivatives T>a = da — ^F^ and = df^ — iT^. There is a constraint 

{Va,Vf,} = 21^^^ (3.14) 
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and a definition of field strength 

[V^,'Pp^]=Co,(^p-W^). (3.15) 
In the Wess-Zumino gauge, the only superpartner of the gauge field is 

W«|e=o = Xa- (3.16) 

The gauge-invariant extension of the matter kinetic energy is obtained by replacing or- 
dinary superspace derivatives by covariant ones. This gives 

-i j d'e{V^Q'^f = ie^^ {-ujjjV.QiV^Qi + ujjX'^miXi^ + unFl^^F^^ + 2X\^tJ:jxZ,Q 

(3.17) 

The standard kinetic term for the gauge fields is 

j d^ew^ = ^x"(^^)^x/3 + -/.uF^r (3.18) 

But for the moment we are interested in gauge theories in which this term is absent, and 
the gauge fields have only a Chern-Simons action. The Chern-Simons term is essentially 
ir^Wa + ■ ■ ■ , where we omit some extra terms cubic and quartic in F". In the Wess-Zumino 
gauge, this reduces to 

— U„ A + -A^ A [A, A] (3.19) 

where /c™'" is an invariant quadratic form on the Lie algebra g of G. This quadratic form 
must obey a suitable integrality condition in order for the quantum theory to be well-defined. 
(For example, if G is a product of simple and simply-connected factors, then k is an integer 
multiple of the Killing form for each factor.) 

In the absence of the conventional kinetic term fl3.18l) . the part of the action quadratic 
in X is purely the mass term present in fl3.19p . so x is an auxiliary field, x also enters the 
Yukawa coupling xQ^ i^i (13.171) . so integrating out x gives a Q^X^ coupling. This coupling 
is not invariant under SU{2) x SU{2) (with the two factors acting separately on Q and A). 
However, if the superpotential W{Q) is homogeneous and quartic in Q, then a Q^X^ term, 
also not invariant under SU{2) x SU{2), arises when the auxiliary field Fq is integrated 
out of fl3.13p . Our procedure will be to choose W so that the Q^X^ terms add up to be 
SU{2) X SU{2) invariant. The rest of the action will be SU{2) x SU{2) invariant for any 
choice of W. 

The most general possible form of W, granted that it should be homogeneous and quartic 
(for conformal invariance) and G x SU{2)d invariant, is as follows: 

W{Q) = ^-tjj,Kse^^e<'''Q'^QiQ^Ql. (3.20) 
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The tensor tjj-KS is antisymmetric in the first two indices and in the last two indices, and 
symmetric under exchange of the first two with the last two. The full Q^X^ interaction is 

The first term comes from integrating out the auxiliary fermion x, as described in the 
last paragraph. The rest comes from the superpotential, via fl3.13p . If in fl3.2ip . we can 
antisymmetrize the expression Q^Qb ^ -^5 then the result is proportional to e^B and 
has the full SU{2) x SU{2) symmetry. Hence the condition for SU{2) x SU (2) invariance is 
that the part proportional to Q^aQ'b) zero: 

4 4 

'^IK'''jS^rnn + 'Tm'^^S^rnn + -tlK;JS + -^tjK;IS = 0. (3.22) 



By summing this equation over cyclic permutations of UK, we can eliminate t and get 
a condition that involves r only: 

'^(Ij'^K)S^'mn = 0. (3.23) 

This fundamental identity is a strong requirement on the gauge group and matter represen- 
tation. Happily, it is possible to understand this condition in detail, since it is equivalent to 
the Jacobi identity for the following super Lie algebra: 

[M^,Xi]=t^ju;'''Xk 

{Xj,Xj} = Trjk^nM\ (3.24) 

Of these conditions, the first just says that g is a Lie algebra, and the second is equivalent 
to the statement that the hypermultiplets furnish a representation of this Lie algebra. The 
interesting statement is the last one, which asserts that the Lie algebra g can be extended to 
a super Lie algebra q by adjoining fermionic generators associated with the hypermultiplet 
representation. In verifying that eqn. (13.241) does define a super Lie algebra, the only 
nontrivial condition to verify is the AAA Jacobi identity: 

[A/, {Xj, Xk}] + [Aj, {Ak, a,}] + [A,,, {A,, Xj}] = 0. (3.25) 

A short calculation shows that this precisely coincides with fl3.23p . 

Moreover, we can now solve for t; each solution of the fundamental identity fl3.23p deter- 
mines a solution to fl3.22p as well: 

tlJ;KS = '^Tlk'tIi S^mn — '^Tls'^JK^mn (3.26) 
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The quadratic form fc"*" that controls the Chern-Simons couphngs in eqn. fl3.19p also ap- 
pears in fl3.23p and (13.241) . This means that the object k = (/c*^"", o;^'^) is an invariant (and 
nondegenerate) quadratic form on the super Lie algebra g. Hence we get a consistent = 4 
Chern-Simons theory for each choice of a supergroup whose fermionic generators form a 
(possibly reducible) quaternionic representation of the bosonic subgroup, together with an 
invariant nondegenerate quadratic form k. The Chern-Simons couplings are determined by 
the restriction of k to the bosonic Lie algebra g. 

For our purposes, the prime examples are the classical supergroups U{N\M) (or their 
cousins SU{N\M) and PSU{N\N)) and OSp{N\M). In each case, the gauge group is a 
product U{N) X U{M) or 0{N) x Sp{M), with equal and opposite Chern-Simons couplings 
in the two factors. The fermion fields are in bifundamental hypermultiplets. The connection 
to a certain brane construction was described in section 13.1.21 

It will be useful to specialize the Lagrangian to the U{N\M) case. We write Ai and A2 
for the gauge fields of U{N) and U{M). The hypermultiplets consist of a pair of x M 
matrices Qa, A = 1,2, whose bosonic and fermionic components we denote Qa, 'iPa- 2a 
will be the hermitian adjoint of Q"^, and similarly for Q^. The structure constants are most 
easily described by giving the moment maps 

f^^B = QiQirn (3.27) 

for the actions of U{N) and U{M): 

1^% = Q\aQb) A = Q[aQ^b). (3.28) 

The fundamental identity (13.231) is also easier to understand when recast^] as 

kmnf^jABf^CD) ~ 0' (3.29) 

Indeed, due to the opposite signs of the Chern-Simons coefficients of U{N) and U{M), the 
identity follows from the obvious relation 

Tr Q\aQbQ^cQd) - Tr QiAQ^BQcQ^D) = 0. (3.30) 



The superpotential can be expressed in terms of the superfield M.^b — Q^aQb'^Tj whose 
leading component is the moment map: 

W = ^e^^e^^QiQiQ^Q^rrKT^k^n = ^e^^^e^^ M^aMlnkmn- (3.31) 



^We can equivalently write kmniJ'J\Bl^lj)D ~ ^'^ o^ce this tensor is symmetrized in three of the indices 
ABCD, it becomes automaticahy symmetric in all four. 
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Informally, the superpotential is the square of the moment map. In the specific case of the 
U{N\M) theory, this reads 

W4 = ^IV Q^Q^aQ^Q^b - ^IV Q^Q^bQ^Q^a. (3.32) 

D D 

The scalar potential is proportional to 

Trg[^Qt^Q^]Qtj^gCgt^j. (3.33) 

The equation for a critical point of the superpotential says that 

Q^QcQ"" = Q'^QcQ^ (3.34) 

for all A,B,C = 1, 2, along with the hermitian adjoint statement 

QWQL = Q^Q^Qa- (3-35) 

In particular, the bilinear matrices Q^Qs, which include the moment maps, commute with 
each other. Their eigenvalues can be interpreted as points in M^. We will see in a later 
section that this is an important consistency requirement for the brane picture. 

There is one last calculation which we will find useful. Consider the scalar potential in 
general 

n ^^AB^^C ^msknpQ '^IJ^ '^KtQ ' (3.36) 

y 

The part symmetric in AC involves a commutator of the gauge group structure constants. 
Let us apply some transformations to half of this term. First, separate the symmetric and 
antisymmetric parts: the symmetric part is 

,2 



9 

The antisymmetric part is 



l^ABf^C^^^ms^npfq^l^'^'^'^- (3.37) 



" ,,m ..ABnr, r, r^I -S , ,JK^p r)CT (o OQ\ 

~^H'ABH' l^msl^np^C'IJ^ 'KT^ ■ yo.^Q) 



We can use the fundamental identity to rearrange this to 

,m ,,BnK 7, nlC^s , ,JKv ^AT 



g KABl^C^^^msknpQ ^IJ^ T'ktQ ■ (3.39) 

This combines symmetrically in AC with the remaining part of the original potential to give 
again the commutator. The final result is 

m Sn s AC 

~QfJ'^BfJ'C^kmsknpfq^fJ''^ ■ (3.40) 

It is clear that the potential will be zero if the moment maps commute as elements of the 
Lie algebra. 
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3.2.1 The Current Multiple! 



The conserved current that generates the gauge symmetry is part of a short multiplet of 
A/" = 4 supersymmetry or of the superconformal symmetry OSp{4\4). The lowest dimension 
operators in this multiplet are the moment maps ^ab ("we suppress the q index), which 
transform as 3 ® 1 under SU(2) x SU{2). In the conformal case, these fields satisfy a BPS 
bound: their dimension is 1 and equals the spin under the i?-symmetry group. The first 
descendants, which we will call j^^, are fermionic fields of dimension 3/2 transforming as 
2 ® 2. For the case that we have been treating so far that the matter system consists of free 
hypermultiplets, we have 

Jab = QA>^B^rj- (3.41) 
After some algebra, the "Yukawa coupling" can be expressed in terms of this operator in a 
manifestly SU (2) x S't/(2)-invariant form 

ttD^ (1-^ \°'^ \^ f:AB CD m n u _ AB CD -m -n u A0\ 
A^B-^C aD T^ls^JK'^mn — Tit t •> AC-> BD I'^-^^J 



Let US reconsider in terms of these variables what happens when the free hypermultiplets 
Q are coupled to gauge fields represented by A/" = 1 supermultiplets. (This is useful as 
preparation for considering more general matter systems in section [3.2.2I ) The coupling of 
the auxiliary fermion x in the component Lagrangian is 3 ABa^^^ ^ ^^'^ integrating it away 
produces a jj coupling that lacks i?-symmetry: 

vrfcw-^^e^%^e^^. (3.43) 

The superpotential 

^^AB^CD^^ _y^n^^^^ (3.44) 
O 

gives two contributions to the Yukawa couplings; the two superderivatives can act on different 
factors of M. or on the same factor: 

'^ AB CD-m -n u i CD m u 

g "'(AC)"'(BD) ^ 2 H'AC^BD {O.^O) 

The operator Oj^^ is a fermion bilinear of dimension two and spin zero that is an additional 
member of the A/" = 4 current multiplet for the free fields: 

Oab = >^A^B^iJ- (3-46) 
The fundamental identity (13.291) can be subjected to two superderivatives to give 

li^^'^'Ol^kmn + j;;^^J J"A;„„ = (3.47) 

This identity allows one to rewrite the QQXX "Yukawa" interaction, which is the sum of 
f l3.43p and fl3.45p . as a bilinear expression in j (we omit the factor |fcmn) • 

..^B- CD, AB CD-m-n , AD CB -m -n _ AB CD -m -n _ AB CD -m -n (Q AQ,\ 
•^JaB^ 3cD^ +e e JaC^BD^^ ^ ^AC^BD ^ ^ ^AB^CD ^ ^ ^AD^CB- ['^■'^°) 
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Rearranging the two indices of a current in the third and fifth terms by the usual Uab = 
Uba + ^AB^^^UcD the non-i?-symmetric terms drop and one is left with a simple Yukawa: 



vrfewTfij"^'' (3-49) 



3.2.2 Chern-Simons Coupling to General J\f = A Matter System 

So far, we have constructed A/" = 4 Chern-Simons theories by coupling a gauge field to 
an A/" = 4 matter system that consists simply of some free hypermultiplets. This can be 
generalized to replace the free hypermultiplets with a sigma model in which the target space 
is a hyper-Kahler manifold X. An important special case is that X is the Higgs (or Coulomb) 
branch of a superconformal field theory with OSp{4\4) symmetry. However, for much of the 
discussion, this is not required. 

If X is the Higgs branch of a CFT, then X is conical and in addition there is an SU{2) 
symmetry acting on X and rotating the three complex structures. However, in the following, 
we do not need to assume the existence of such a symmetry. The only symmetries that we 
will assume that act on scalar fields will be the symmetries that make up the gauge group 
G. The scalars will be fields Q^^ that are associated with local coordinates on X, but in 
contrast to the discussion of the free hypermultiplets, we do not assume any symmetry acting 
on the A index. We will simply look for an SU{2) symmetry that acts only on the fermion 
fields Xj^, transforming the A index. This is enough to promote A/" = 1 supersymmetry 
to A/" = 4, or in the conformal case to promote 0Sp{l\4:) to OSp{A\A). (In the conformal 
case, the SU{2) that rotates the complex structures is part of OS'p(4|4).) The hyper-Kahler 
structure of X can be described by the existence of antisymmetric inner products ujj and 

^AB- 

The moment maps ^^ab (^ being a index) are defined as follows. Let m = 
1, . . . , dimg be the vector fields on X generating the action of g. And let Qab, A,B = 1, 2 
be the three symplectic form^ of the hyper-Kahler manifold X. Then the functions ^^ab 
are characterized as follows: 

dli'^AB=lvA^AB)- (3.50) 

(Here iy is the operation of contraction with a vector field V .) This condition plus g- 
invariance determines /x™^ uniquely if G is semi-simple. In general, there are undetermined 
additive constants in /x, which correspond physically to the possibility of adding Fayet- 
Iliopoulos D-terms for U{1) gauge fields. The fundamental identity makes sense for this 
class of models: 

f^mnfJ^jABf'CD) = 0- (3.51) 

Here k is some invariant and nondegenerate quadratic form on g. 

^They can be defined by flAB = dQ^'^ A dQ-^^cuijCAc^BD- 
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Similarly, we can define A/" = 4 descendants of the fields fi^^- The first descendant j, the 
fermionic current, is proportional to A times a first derivative of /i. But according to fl3.50p . 
the derivatives of /i are essentially the vector fields V"^, so we can write j in terms of V"^: 

^mAB ^ V'^'^X^'-^UJij. (3.52) 

The next descendant of /i is constructed from the second derivative of /i or equivalently from 
the first derivative of V. In general, if is a Killing vector field on a Riemannian manifold, 
one has DjVj + DjVi = 0. On a hyper-Kahler manifold, with V assumed to preserve all 
three complex structures, one has a stronger version of this statement: 

DiaVj"}, = T^eAB, (3.53) 

where t^j is symmetric in I and J. In the case of free hypermultiplets, the are simply 
constant matrices (which generate the action of G on the hypermultiplets), but in general, 
they are tensor fields on X. 

As in our study of the linear hypermultiplets, we construct the action starting with Af = 1 
superfields and then looking for an additional symmetry. Let us denote with J\A^^ again the 
Af = 1 superfield whose lowest component is fi^^. The components of AA^^ are 

V^M'^^''\e=o = j^'' (3.54) 

and 

P"P,A4^^|e=o = T^A^^Afj = O^^. (3.55) 
(In these formulas, we suppress the q index m.) 



We can now repeat step by step the analysis done in the free field case, and every step is 
formally identical. The potentially non-i?-invariant fermion bilinears are still given by (13.431) 
and (I3.45p . and they still add up to an /^-invariant sum (I3.42p if the moment map /i™ obeys 
the fundamental identity: 

kmnfJ'^ABf^CD) = 0- (3.56) 

In fact, we only need the weaker condition (13.471) . which is a second descendant of the 
fundamental identity: 

O^^kfrin ~^ j Q j £, ^mn = (3.57) 

Elsewhere, we will show that there actually are Af = 4 models for which this weaker con- 
dition is obeyed (in fact, the first descendant of the fundamental identity vanishes) but the 
fundamental identity itself is not satisfied. However, in the superconformal case, there are 
superconformal lowering operators and fl3.57p actually implies fl3.56p . 

The superconformal transformations of the fundamental identity are of interest. The cur- 
rent multiplet is a short multiplet of OS'p(4|4), as the leading component satisfies a BPS 
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bound: it has spin (1,0) under the i?-symmetry group and dimension 1. The fundamental 
identity has spin (2, 0) and dimension 2: it is the protected component of the product of 
two current multiplets. This fact will probably play a useful role in a quantum description 
of these theories. 



3.2.3 Quivers 

Thus, we have a general recipe to couple A/" = 4 Chern-Simons gauge fields to any hyper- 
Kahler manifold X that obeys the fundamental identity. Of course, this is only interesting 
if there are examples beyond the ones associated with free hypermultiplets. We will now 
describe a family of such examples. We begin with a special case. 

We start with a symmetry group U{Ni) x U{N2) x U{N^) acting on the following free 
hypermultiplets: we include hypermultiplets Y that transform as (A'^i,A^2,l) plus complex 
conjugate, and hypermultiplets Z that transform as (1, N2, N^) plus complex conjugate. 
(We use the same symbols Y and Z to denote the hypermultiplets and the spaces that they 
parametrize.) We write /zy and /x'y for the hyper-Kahler moment maps for the action of 
U{Ni) and U{N2) on Y, and likewise fiz and n'^ for the hyper-Kahler moment maps for 
the action of U{N2) and U{N^), respectively, on Z. The hyper-Kahler moment map for the 
action of U{Ni) x U{N2) x U{N^) on F x Z is therefore 

Aiyxz = (/iy, Ai'y + /iz,yu'z), (3.58) 

where the three components refer to the three factors. Now we let X denote the hyper- 
Kahler quotient {Y ^ Z)/ / /U{N2). We recall that the hyper-Kahler quotient is obtained by 
setting to zero the moment map for U{N2), that is by imposing 

/xy + fiz = 0, (3.59) 

and dividing by U{N2). On the quotient, we still have an action of U{Ni) x U{N-^), and the 
moment map can be read off from (13.581) : 

A^x = (/iy,/iz)- (3.60) 

Now if W is any hyper-Kahler manifold with action of a group U{N) (where may 
be iVi, N2, or A^s) with moment map /i, we set f{ABCD){^j) = I-''"'{abIJ''^cd)- (The sum 
is taken in an orthonormal basis for the Killing form.) Since /, whose subscripts we will 
suppress, is homogeneous and quadratic, we have 

/(/^) = /(-/^)- (3.61) 
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Figure 3: (a) A quiver associated with the first non-trivial example of a hyper-Kahler manifold 
obeying the fundamental identity, (b) More general linear quivers leading to solutions of the 
fundamental identity. 

Since Y obeys the fundamental identity for the action of U{Ni) x U{N2), we have 

/(/iy) - /(/iV) = 0. (3.62) 

(As usual, the minus sign reflects the structure of the invariant quadratic form k of the 
supergroup ?7(A'^i | A^2)-) Similarly, Z obeys the fundamental identity for the action of U{N2) x 

f/(iV3), SO 

/(/iz) - /(/i'z) = 0. (3.63) 

For the hyper-Kahler quotient X, we have the additional condition fl3.59p . which by virtue of 
(I3.6ip implies that /(/i'y) = fif^z)- Combining these results, we learn that the hyper-Kahler 
moment map of X obeys 

fM - /(A) = 0. (3.64) 

This means that X obeys the fundamental identity for the action of G = U{Ni) x U{Ns), 
provided we take equal and opposite Chern-Simons levels for the two factors in G. 

Thus, we get our first example of a non-flat hyper-Kahler manifold obeying the funda- 
mental identity. The construction can be conveniently described via a simple quiver (fig. [3]). 
A node in the quiver represents a unitary group U{N) for some N > 0. A link connecting 
two nodes represents bifundamental hypermultiplets transforming under the given product 
of groups. The links are oriented, as indicated by the arrows. We pick a nonzero integer r 
and assign to each node a Chern-Simons level which is the product of r times the number 
of arrows entering the node minus the number of arrows leaving. Thus, in the example of 
fig- Eti, there are three nodes, with levels r, 0, — r. We take the hyper-Kahler quotient (of 
the space parametrized by the hypermultiplets) by the product of all groups associated with 
nodes of level 0. The result is a hyper-Kahler manifold X. It is acted on by a group G that 
is the product of the factors associated with nonzero levels. 

The exphcit example based on the product U{Ni) x f/(A^2) x U^N^) is associated to the 
quiver of fig. [3^. The general case of a linear quiver, as in fig. [3]d, is similar. The gauge 
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group G is a product of two unitary groups, associated with the ends of the quiver; these 
are the only nodes with nonzero labels. The fundamental identity is obeyed for the action 
of G on X, by virtue of essentially the same argument that we used for the quiver of fig. 
|3t. Moreover, essentially the same argument works for orthosymplectic quivers, in which 
the gauge groups are alternatively orthogonal or symplectic along the chain. Here one uses 
at each step the solution of the fundamental identity associated to OSp{N\M). 

Because of their origin as hyper-Kahler quotients of linear spaces, the spaces X obtained 
this way are actually conical, and have an SU{2) action rotating the three complex structures. 
In fact, these examples are associated to superconformal field theories, which we will study 
in detail elsewhere. 



3.3 M J\f = 4: Super Yang-Mills in a 3d Language 

Given the simplicity of the Chern-Simons calculation, it is natural to wonder if a similar 
method can be applied to the Janus configuration, or to other modifications of J\f = 4 super 
Yang-Mills that preserve Af = 4 supersymmetry in the three-dimensional sense. 

As preparation, we will describe the undeformed Af = 4 Lagrangian in the 3d A/" = 1 
language. It will be then very simple to deform this to allow for various kinds of "defects," 
including y-dependent couplings (section [231) , interfaces between two possibly different 
gauge theories with bifundamental matter living at the interface (section 13.51) . It is also 
possible to include defects that support extra hypermultiplets coupled to the bulk gauge 
fields [REFERENCE]. Any of these defects can coexist, provided that they preserve the 
same 8 supersymmetries. 

From a three-dimensional point of view, the gauge field A^, /i = 0, . . . , 3, splits up as a 
three-dimensional gauge field A^, = 0, 1, 2, and an adjoint- valued scalar ^3. In terms of 3d 
Af = 1 superfields, the three-dimensional gauge field is part of a standard superconnection 
Fq,; this multiplet, which already appeared in section [3^ also describes a fermion aAa- (In 
the purely three-dimensional discussion, the analogous field was an auxiliary field and was 
called X-) On the other hand, ^3 is the leading component of a real superfield 



The quantity that transforms most simply is the covariant derivative ^3 +^3. The inhomo- 
geneous term in (13.661) also changes the expression for the gauge-covariant superderivative 



^3 = ^3 + ^V3„ + e^F^ 

that transforms inhomogeneously under gauge transformations: 

Al = g-'Asg - g-%g. 



(3.65) 



(3.66) 



Vo^As = D^A3 + {F„ ^3} - 53F. 



(3.67) 
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Accordingly, the component expansion of 'D^Az contains not the naive non-gauge invariant 
derivative d^j^A^ or covariant derivative D^A^, but the whole field strength F^3. Meanwhile, 
the scalar fields X"' are the leading components of real superfields 

A"^ = X" + ^"p^^ + (3.68) 

which transform in the adjoint representation of the gauge group and as a 3 of the diagonal 
fiavor symmetry group SU{2)a. The same is true of Y^: 

yp = YP + + 9^F^. (3.69) 

The fermions as described so far transform as3©3©l©l under SU{2)d- To prove 
/^-symmetry, we will have to reorganize the fermions as the sum of two copies of the represen- 
tation 2(g)2 of the full i?-symmetry group SU{2) x SU{2). Each 3 is related by SU{2) x SU{2) 
to a linear combination of the two I's. Which linear combination appears will depend on 
how three-dimensional A/" = 4 supersymmetry is embedded in four-dimensional A/" = 4, that 
is, it will depend on the angle ip in eqn. (12.91) . Of course, as long as we consider the pure 
A/" = 4 theory (as opposed to the generalizations that we introduce starting in section [231), 
supersymmetry will hold simultaneously for all values of ip. 

We will now write the four- dimensional A/" = 4 theory in terms of these three-dimensional 
superfields. In this formalism, the part of the kinetic energy that involves derivatives in the 
012 directions will come from what would usually be called kinetic energy terms in three 
dimensions. Terms involving derivatives in the direction will arise from two different 
sources, the peculiar gauge- covariant derivatives of ^3 and some carefully chosen terms in 
the superpotential involving covariant derivatives in the direction. 

Altogether, the kinetic terms in the action come from a superspace interaction 

i J d20Tr(-W2 + (Z},^3)' + (/^aA''^)' + (/^ar)'-2r[53 + ^3,^1). (3.70) 
Expanding this in components, the 3d gauge action is 

- ^ y d^e Tr = ^Tr Qf^.F^'^ - ^a/j) • (3.71) 
The kinetic energy for ^3 is 

^ J d^e Tr(D,^3)' = ^Tr (^^3^^' - ^3/3 - (Fa)' - 2a^DsaAc) ■ (3.72) 
The three-dimensional part of the kinetic energy for A"" reads 

1 J d^OTriD^X'^y = ^Tr ((D^X'^)(D^X'^) - ipTIPipIp - (^1)' " 2pr[^Aa,X^) 

(3.73) 
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and similarly for y 

^ J d2^Tr(D,3^'^)2 = lTr((Z}^nP^n-^Pr^fp2/3-(^y)'-2pr[^^^ 

(3.74) 

And the part of the kinetic energy involving derivatives of X and Y comes from 
-4 / d^0 Tryps + As, X"] = -^Tr {DsF^y + Y"] + D3X''F^+ 

C J 6 

+Y^[al plJ + pr [^3«, XT + pTDM ■ (3.75) 

The sum of all of these terms gives the conventional four-dimensional kinetic energy for all 
fields. 

In addition to eqn. (13.751) . which may be regarded as a superpotential interaction from 
a three-dimensional point of view, we need a conventional cubic superpotential: 



Ws = ^Tr (^-cos^ - X^[y\y']j + sin 7/; ^^[^,3^1 - A"^] 

(3.76) 

The angle ip will ultimately coincide with the angle that appears in eqn. (12. 9p characterizing 
the embedding of three-dimensional supersymmetry in four dimensions. For the moment, 
the main point is that we can get the same four- dimensional A/" = 4 theory for any choice of 
ip. Finally, the four- dimensional theta- angle comes from 

^ j d^OTi D-AsW' = ^Tr (^F A F + iIp^^^aAa^r^p) + ^D.ialaAa)^ (3.77) 

(The terms other than TrF A F are total derivatives of gauge-invariant quantities.) 

Let us now check that the sum of the above terms reproduces the standard TV = 4 
Lagrangian. We need to verify that by integrating away the auxiliary fields F, the quartic 
scalar potential and the part of the kinetic energy are reproduced, and that the correct 
Yukawa couplings arise as well. The superpotential in the three-dimensional sense is 

W = y"dx=^ (^-|Trr[93 + ^3,^1 + >V3y (3.78) 

Its derivatives evaluated at 6* = are 

-e'^ = -2D,Y^ + cos^eaU[X^,X'] - [FT F^]) + 2 sin^^e,feJX^ F'^] 
-e'l^ = - 2 cos^e,,jXT Y'] + sin^e,fe,([X^ X^] - [Y\ Y']) 

e^l^ = 2[X",F"]. (3.79) 

(7^3 
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The quartic scalar potential and some parts of the kinetic energy arise by squaring these 
expressions, adding, and integrating over x^. This process generates terms quartic in X and 
Y that are independent of and can easily be rearranged into the standard i?-symmetric 
A/" = 4 quartic potential. There are dangerous non-i?-symmetric cubic terms, but they are 
total derivatives 

- ^cos^Z^g (ea,,Tr[X",X'']r=) - Isin^Dg (e,fe,TrX"[r^ F^]) . (3.80) 

Finally, the quadratic terms give the contributions [D^^XY and [D^YY to the kinetic energy. 

Next we can look at the Yukawa couplings. Dropping unnecessary indices for clarity, 
— couples to 

2[pr , ^Aa\ + 2[pr , CTSa] + COS ^6,,e ([pf , PL] " [pf , PL]) + 2 siu V'e^.e [pf , PL] , (3.81) 

while — couples to 

2[pT,aAa\ - 2[pr,cr3a] + sinV^e,,, ([pf ,pL] - [P2',P2J) - 2 cos z^6,,,[pf, p^]- (3.82) 

We want to pair up pi and p2 with linear combinations of a a and in order to restore 
the full i?-symmetry. The kinetic terms of the fermions are 

- i (la^IpiaAp + la^Ipia^p + ipT^Plp + ^pT€pw) (3-83) 

and clearly constrain the possible linear combinations to be an 5*0(2) rotation. The combi- 
nations will be 

x/2^f s = pS^^) + (cos i)aA - sin V^ag) (3.84) 
72^^^ = p[^^^ + e^-^ (sin V^a^ + cos t^cts) . (3.85) 

The Yukawa couplings of X and Y , namely 

- ^TrX-^^ (cos^ ([^f,^fc\ - f^^^^.^S;]) +2sm^[^f^^,vl/J.]) (3.86) 

and 

- ^TrF^^ (sinV> ([^f^^^^] - [^^^, ^J,]) - 2 cos ^-f^^^, ^f^]) , (3.87) 
are i?-symmetric with this choice. If we further identify 

^ = BiSq O ^1 + 8260 ® ^2 (3.88) 

we reproduce the standard kinetic terms and Yukawa couplings of A/" = 4 super Yang-Mills. 
(Appendix [D] contains some additional conventions and details.) 
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The remaining part of the fermion kinetic terms should pair up and '^2- Indeed 
there is a — ^P2-D3Pi term in eqn. fl3.75p . but the a terms appear to be missing. To 
make things i?-symmetric, we need an additional coupling — {sin ipaA + cos xl'a3)D3{cosipo' a — 
sinipa^), but what we see in ( 13.721) is —a^D^aA- Luckily, the last is equal to the former plus 
a total derivative — sin^ D^^cosip^io'sa^ — ctaca) + sinipa-iCrA)- The term proportional to 
the theta-angle is also a total derivative, clearly. 

We have reproduced the standard Af = 4 Lagrangian. As an extra check, notice that the 
only ip dependence in the i?-symmetric component action is in the total derivative terms, in 
agreement with the fact that the same Af = 4 theory is invariant under each of the different 
05'p(4|4) supergroups. 

The various A/" = 1 fermionic superpartners are packaged together in /^-symmetric com- 
binations in a way which may appear quite obscure. It is useful to consider the opposite 
point of view: start from the Af = 4 gauge multiplet and look at it as an OS'p(4|4) multiplet. 
Some tedious computations collected in the appendix [D] show that the fields are organized 
into two mirror OSp{4:\4) multiplets, which have the same general structure as a 3d current 
multiplet. One multiplet contains Y^^, \E'2, cosipF^^ — | sm. ip e pF^ ^ , d^X"^^ while the other 
contains X^^ , \E'i, sin 'ipF^^ + ^ cos ipe^ypF^P, d^Y"^^ . Further reduction from A/" = 4 to A/" = 1 
reproduces the detailed structure of the i?-symmetric fermion combinations. 



3.4 Generalized Janus, Again 

Now it is straightforward to apply this method to build again the generalized Janus config- 
uration of section [2J 

A key step in verifying i?-symmetry in the previous section was to integrate by parts to 
remove non-i?-symmetric total derivatives. If we make the coupling^ and 6ym functions 
of and repeat the calculation, then SU{2) x SU{2) invariance is broken down to a di- 
agonal subgroup SU{2)d by terms proportional to de^/dx^ and dOyAi/dx^ that arise when 
we integrate by parts. Let us try to correct the Lagrangian to restore the symmetry. By 
dimensional reasoning and gauge invariance, the only possibility is to add a superpotential 
term that is bilinear in the scalar fields. Moreover, this term must be S'f/(2)rf-invariant. 
A bit of inspection shows that adding terms proportional to A"^ or y"^ will do irreparable 
damage to i?-symmetry. With some hindsight, and inspired by the results of section [21 we 
will add the following term to the Lagrangian: 

2 f (^'^) Try^x- = 2 (.p'^) Tt{F^Y- + X^F^ + p^pV- (3-89) 
e'^ J \ cos ip J \ cos ip J 

^We henceforth write 9ym for the gauge theory theta-angle to avoid confusion with the odd superspace 
coordinates. 
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We will also assume the coupling dependence deduced in the earlier computation; we suppose 
that T = Oym/'^tc + Airi/e^ takes the form 



T = a 



+ AnDe^'^ (3.90) 



with real constants a and D. (Alternatively, instead of building in our prior knowledge of 
this, we could use Af = 1 superfields to give a new derivation of this result.) 

The superpotential is now the sum of (13.781) and the correction term of eqn. (13.891) : 

W = fdx'' (-^Tt y'D^X'' + W3 + ^( ij'^^] Tiy^xA . (3.91) 
J \ \ cos ip J J 

When we vary this with respect to X, we must integrate by parts the YD^X term. We 
encounter a derivative d(l/e^)/da;^, which we express in terms of ip' = dip/dx^ using (I2.68p . 
The gradient of the superpotential becomes 

-e^l^ = -2^3>^" - 27A'^F« + cos^e,,,([X^X^] - [r^r^]) + 2 sin^6,,,[X^ ^ 
aa: " sm ip 

-e^l^ = 2DsX^ - 2tlj'^X^ - 2 cos^e,,,[X", F"] + sin^e,,,([X^ X^] - [r^ Y^]) 
oy"- cos ip 

e'^ = 2[X^n (3.92) 



Notice that the combinations DsY"" + i^'^Y" and D^X" - t/j'^X" appear here, as 
in (I2.84P and (12.851) . It is useful to remember the results of section [21 in that formalism, it 
was possible to reabsorb both the and Y^ terms in the component Lagrangian and the 
extra 7 ■ Xe terms in the supersymmetry transformations by rescaling the scalar fields as 
X = Xcos'0 and Y = Ysinip. Similarly here, the choice of the extra superpotential term is 
such that the terms in the gradient of the superpotential that are linear in X and Y can be 
expressed as D^X"- /cosip and —D'iY"-/sai%l). 

The quartic potential for X and Y is unchanged. The dangerous non-i?-symmetric cubic 
terms receive several contributions, but these add up to true total derivatives: 

- ^3 cos7/.e„,,Tr[X^ X^]r^^ (3.93) 

and 

- ^3 (^^sinV^e,,eTrX'^[F^r^^ . (3.94) 
The i?-symmetric terms cubic in X are 



3e^ cos ijj 3 \ 



e,beTrX"[X^X^] + -^3 - sin V^TrX'^[X^ X'^] . (3.95) 
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The i?-symmetric terms cubic in Y are 



3e2 sin^^"^^^^^"[^ ' + 3^^ ^ cos^Trr'^[r^ ^ J . (3.96) 

We see that the bosonic Lagrangian indeed agrees with the one in section [2] up to total 
derivatives. 

The fermion bihnear terms are also i?-symmetric up to a total derivative. The p bilinears 

are: 

,,1 sinip 

e"^ COS 1p 

The a bilinears are 



-pr^spL + 2ij'-—^pTpl^. (3.97) 



- ^a^D^aAa + ^i^'(T>Aa. (3.98) 

The last term is the non-trivial term provided by the variable theta-angle 9ym = 27ra + 
Stt^D cos 2?/) 



e 

4^ 



j d^^Tr D^^sW^" = ^Tr (^F ^ F + iJl)''\a AaO^p) + hD^^oloAS^ , 



(3.99) 



after integration by parts. From now on we will occasionally drop the spinor indices for 
clarity. To verify i?-symmetry, it is useful to integrate the p bilinear by parts to make the 
derivative antisymmetric; this give^ 

--p^^^pl^2D^'p%p\. (3.100) 

We must verify that the a bilinear can be written in the same form, with pi replaced by the 
appropriate linear combinations of (73,0"^. The derivative may act both on (T3, a a and on the 
coefficients of the linear combination, and after some rearrangements the form we need to 
find is 

- —G-iD-iaA + -^{(^ac^a + o-so-a) + D^})' sin2il){aA(TA - c^zcr^) + 2D^' cos2?/'crACX3. (3.101) 

Let us rearrange this a little more, by integrating the antisymmetric derivative of a back 
to the form a^D-^aA which appears in the Lagrangian f l3.98p . The result of the integration 
by parts cancels the term 2DiIj' cos2i/jaAO'3 and the rest combines to ^gac^a, as in f l3.98p . 
Hence we have proved i?-symmetry of the whole component Lagrangian. 

Let us collect all the various non /^-symmetric total derivatives that appeared in this 
calculation from the cubic bosonic terms, from the integration by parts of fermion bilinears. 



^Here and in (|3.10ip . we use D = l/e2sin2V'. 
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and from the theta-angle. They add up to 



dx^ \ ' ' e 

-^TrprPL + ^-^TvalaA^j • (3.102) 

This formula will be useful at the next step, when adding a boundary to the theory. 



3.5 Bifundamental Defect 



We are going to apply what we have learned to a problem described in section 13.1.21 and 
in fig. [1] - an NS5-brane with D3-branes ending from the left and M from the right. 
This system has been much-studied at 6ym = 0, and the resulting low energy physics is 
well-known. There is an A/" = 4 theory with gauge group U{N) in the half-space < 0, 
another A/" = 4 theory with gauge group U{M) in the half-space > 0, and there are 
bifundamental hypermultiplets supported on the hyperplane = and interacting with the 
gauge fields on both sides. The problem also has a variant with an orientifold threeplane 
parallel to the D3-branes; the gauge group is then SO{N) x Sp{M), still with bifundamental 
hypermultiplets supported at = 0. 

As far as we know, the low energy effective action describing this system at 6ym 7^ has 
not been elucidated in the literature. It is easy to explain why. The formula 

- / d^xe'-^'^^TiF^^F^^ = ^ / d^xe^^^Tr ( A^d^A, + ^A^A^A,) (3.103) 

(where M+ is a half-space, and is its boundary) shows that supersymmetrizing the 

interaction TrF A F in four-dimensional gauge theory on a half-space is very similar to 
supersymmetrizing the Chern-Simons interaction in three dimensions. How to do this in a 
theory with the equivalent of three-dimensional A/" = 4 supersymmetry has not been clear. 

However, in section 13. 2[ we constructed A/" = 4 Chern-Simons couplings for precisely 
the relevant cases - U{N) x U{M) or SO{N) x Sp{M) gauge theory with bifundamental 
hypermultiplets. As we will see, the problem in which the two factors of the gauge group 
live on four-dimensional half-spaces x < and > can be treated very similarly to the 
purely three-dimensional problem of section 13. 2[ 

If 6ym is of the form 27rg, g G Z, then by an S'-duality transformation, one can set 6ym 
to zero, at the cost of replacing the NS5-brane with a (1, g)-fivebrane. So our analysis also 
governs a system of D3-branes ending from left and right on a (1, g)-fivebrane. 
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We will not assume a priori that the gauge groups and matter representations are the 
particular ones appropriate to the D3-NS5 system. But since we will find the same constraints 
as in section (]3.2p . this will turn out to be the case 

3.5.1 Gauge Fields In A Half-Space 

We closely follow the logic of section 13.41 constructing J\f = 4 super Yang-Mills theory in 
terms of three-dimensional A/" = 1 superfields. Now, however, our gauge fields are defined 
only in a half-space, say > 0. It is most simple to consider first a one-sided problem 
with gauge fields in only one half-space and with no hypermultipletsj^ This corresponds, in 
terms of branes, to having D3-branes on only one side of an NS5-brane. Then in section 
I3.5.2[ we generalize to include hypermultiplets. From the standpoint of branes, the gener- 
alization is relevant to the two-sided case with different gauge groups on the two sides, and 
hypermultiplets supported at = 0. 

The main difference from the previous analysis is that the various non-i?-symmetric 
total derivatives in the component Lagrangian cannot be discarded. They give boundary 
contributions at = 0. These boundary contributions will play a role similar to the terms 
that in section 13.21 were found by integrating out the auxiliary field x] they combine with 
terms coming from the J\f = 1 superpotential to give an i?-symmetric action. 

In the following analysis, one can permit and 6ym to be x'^-dependent, as long as they 
are constrained by eqn. fl3.90p . The boundary contributions that we focus on here do not 
involve derivatives of and 6ym, so it simply does not matter whether and Oym are 
constant. These boundary terms can be read off from f l3.102p . and are 

- ^ cos7/^e,fe,Tr[X^ X'']Y' - ^ sin V^e„t,eTrX"[y^ y^] (3.104) 

and 

- ^Tia'Xasa - ^TrprpL + ^Tra^a^,. (3.105) 

As usual, we want to make the pip2 term part of an i?-symmetric interaction \I'i\I'2 by 
combining it with the appropriate bilinear in (73,0"^. After doing this, the remaining truly 
non-/?,-symmetric terms are 

- \ sinV' cos V'Tr(o-30-3 - a act a) - \ sin^ ^TiasaA + ^^Tro-^crA- (3.106) 

^The case with constant and 9ym and no hypermultiplets will be treated more directly elsewhere. The 
present approach has the advantages of letting and 9ym vary, and of extending to the two-sided case. 
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In the presence of a boundary, the computation of the derivatives of the superpotential 
also needs to be re-examined. Formula fl3.92p for dW /dX"' receives an extra delta function 
contribution by integration by parts of the YD^X contribution to W. So one now has 

(3.107) 

The action will contain a term j (\.x^\dyV / dX\^ , and as we do not want a term proportional 
to J dx^(5(x^)^, we conclude that the boundary condition must be y = 0. 

This argument is a little disingenuous, since the underlying theory has a complete sym- 
metry between Y and X. Instead of including in W a term — J dx^TiyD-^X , we could 
have integrated by parts and included a term j dx^ Tr {D-iy)X . This change would not have 
affected the reasoning in section 13.41 but an argument similar to the abovj^ would now 
lead us to a boundary condition X = 0. Actually, the boundary condition F = is very 
natural for describing the D3-NS5 system of fig. [H If the NS5-brane is characterized by 

= = = 0, then, as the scalar fields parametrize the position of the D3-branes in 
those directions, the boundary condition y = is natural. The boundary condition X = 
is the one we want if the NS5-brane is characterized by x"^ = x^ = x^ = 0. 

The boundary condition F = is extended by A/" = 1 supersymmetry to a superspace 
boundary condition 3^ = 0. Using the superspace expansion of eqn. fl3.69p . this amounts to 

= = = F^. (3.108) 

On the other hand, Fy = dW/dY has been computed in (13.921) . Given the boundary 
condition y = 0, the vanishing of Fy at the boundary gives a boundary condition for X: 

= D3X'^-^'^X« = ^, (3.109) 

cos Ip COS ijj 

with X° = X° cosip. This boundary condition must of course also be extended to a modified 
Neumann boundary condition on the superfield X. 

Since we want Af = 4 supersymmetry, not just JV = 1 supersymmetry, we must extend 
(13.1081) to a set of boundary conditions with the full SU{2) x SU (2) i?-symmetry. In partic- 
ular, the SU{2) X SU (2)-symmetric extension of the boundary condition = is to require 
also that 

sin ■j/'cta + cos ■i/'CTs = (3.110) 



^°More generally, we could take W to be a more generic linear combination of the two expressions. Then 
to cancel delta function terms, we would be led to impose X — Y = Q on the boundary. This, however, is 
incompatible with preserving one-half of the supersymmetry. We will show this in more detail elsewhere, but 
a quick argument is as follows. Given that y = on the boundary, we will deduce below from supersymmetry 
that X must obey modified Neumann boundary conditions p.lOPp . It is therefore not possible for X to obey 
Dirichlet boundary conditions. 
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at the boundary. Af = 1 supersymmetry then extends this to a further boundary condition 

F3^ = tan^^e^,,F'^''. (3.111) 



Setting Y = automatically sets to zero the non-i?-invariant bosonic terms in f l3.104p . 
What about the fermionic terms in (13.1061) ? Precisely if 

^ = -^^ (3.112) 

271 cos ip 

at = 0, (13.1061) becomes a "perfect square" 

— tanV'(cosV'0'3 + sin V'cta)^, (3.113) 



e 

and vanishes by virtue of the boundary condition (I3.110p . The condition (13.1121) is necessary 
for this result, since it was needed to cancel a a\ coupling that is not i?-symmetric. 

Thus, we have established the full i?-symmetry and hence A/" = 4 supersymmetry in the 
absence of hypermultiplets supported at = 0. Before going on to the more general case 
in section [3.5.21 we pause to interpret the relation (13.1121) that was needed for this result. 

Consider four-dimensional gauge fields with the action 

(here we take indices J, J, ■ ■ ■ = 0, . . . , 3). In this theory, "free" boundary conditions, in 
which the variation of the connection is unconstrained on the boundary, read 

i^3. + ^iw^^^ = 0. (3.115) 

Comparing this to (13.1111) . we see that the condition (I3.112p on 6ym is the condition under 
which the boundary conditions derived from the action are compatible with supersymmetry!^ 

The condition (13.1120 is essentially one that we have already seen. In eqn. (13. 6p . we write 
the condition for supersymmetry of a D3-brane plus a (p, g)-fivebrane. For an NS-fivebrane, 
that is for p = 1, g = 0, the condition is 

_ cos?/' ^ Imr ^ 47r/e^ ^ 
sin il) Re r 9ym / 27r ' 



^^The action p.ll4p also allows Dirichlet boundary conditions, in which the connection and its variation 
vanish on the boundary, but this is not compatible with supersymmetry. 
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and this is equivalent to (13.1121) . So this is really the expected condition for the supersym- 
metry of a D3-brane ending on an NS5-brane. 



The physics should be unchanged if we replace 6ym by 6ym + 27rg and replace the NS5- 
brane with a (1, g)-fivebrane. Shifting 6ym by 2iTq adds to the action a bulk "topological" 
term with that coefficient. To ensure that the results are independent of q, it must be that 
replacing the NS5-brane with a (1, g)-fivebrane has the effect of adding to the effective action 
for D3-branes ending on the fivebrane a boundary Chern-Simons coupling with coefficient 



3.5.2 Including Hypermultiplets 

Now we want to add three-dimensional hypermultiplets supported at a;^ = and transforming 
in some pseudoreal representation of the gauge group. As in section 13. 2[ we represent them 
by A/" = 1 superfields = + 6*"^^^ + . . . ; moreover, we construct Af = 1 couplings that 
have SU{2)d symmetry acting on these superfields and adjust those couplings so that the 
symmetry group is enlarged to SU{2) x SU{2), with one factor acting on Q and one on A. 
How this SU{2) x SU{2) relates to the S0{3)x x S0{3)y symmetry that rotates the fields 
X and Y of the bulk theory will become clear momentarily. 

Once we include hypermultiplets, it is important to consider the case that the gauge 
group G is a product of simple factors Gi. (The non-trivial examples generally have more 
than one factor.) Each Lie algebra gi has a quadratic form ( , )j, which we denote by 
{a,b)i = —Tiab. Each factor has its own gauge coupling e^, its own theta-angle 9YM,i, and 
its own supersymmetry angle ipi- They each obey (I3.112p 



The derivation of this formula (either by canceling a a\ coupling or by considering the 
boundary condition obey by F) is unaffected by the existence of hypermultiplets. In addition, 
if we set D = l/e^ sin 2?/', it will turn out that all factors of the gauge group have the same 
value of D. 

Each factor Gi of the gauge group will be localized either at > or at < 0. Until it 
is necessary to combine the different semisimple factors of the gauge group, we will proceed 
as if there were just one factor G. 

The Hypermultiplet Action 




An sin ijji 



ef cosipi 



(3.117) 
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Now we consider the part of the action that involves the hypermultiplets. The gauge- 
covariant kinetic energy of Q is famihar: 

-i I d'eiVMi? = ^6^^ {-ujjD.QiD^Qi + uuX'/mi^ip + ^ijKa^qb + '^X^Jr^j^A. 

(3.118) 

As in the purely three-dimensional problem, since Q has dimension 1/2, a general quartic 
superpotential for the matter theory will preserve superconformal invariance at least classi- 
cally: 

j d^eWiiQ). (3.119) 

Unlike the purely three-dimensional case, we now have dimension 1 bulk superfields X and 3^, 
so we can preserve conformal symmetry with a superpotential coupling XQ^ or 3^Q^, where 
here of course X and y are evaluated at = 0. Actually, in the unperturbed problem, the 
boundary condition on y was simply ^ = 0, so a boundary coupling involving 3^ does not 
add anything^ As we will see, i?-symmetry requires a XQ^ term in the superpotential. It 
turns out that X should couple precisely to the moment map superfield A^^^ = Q^Qb'^lj- 
In order to facilitate the calculations, we will replace in the remainder of this section the 
vector indices with symmetric pairs of doublet indices: for example the X<^ interaction 
term is 

c j d'exi^Q^QirZ = cr-(Fif QiQi + 2X^^F/^Qi + 2pf^<^ALQi + X^^X^Xi) 

(3.120) 

Basic formulae about this replacement are collected in appendix [Dl An important one is 
that X^^Xab = — 2X"X". The 6{x^) term in the X gradient of the superpotential becomes 

\yZ, + CT^jQ^AQi- (3.121) 

The vanishing of the 5(x^)^ term in the action now tells us that the Dirichlet boundary 
condition on Y must be modified to 

Again, this boundary condition will imply a set of boundary conditions for the other fields. 
By J\f = 1 supersymmetry, 

PaAB = -ce'T^QUXi^a- (3.123) 
Extending this by /^-symmetry, we get the most interesting relation: 

cos tpaso. + sin ^a^a = -ce^r^jQ^^Xj^^. (3. 124) 

^^In the combined system, the boundary condition 3^ = is modified to 3^ ~ Q^, as we see momentar- 
ily. Still this means that a 3^Q^ superpotential interaction is equivalent to a modification of the quartic 
superpotential W4{Q). 
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One further application of A/" = 1 supersymmetry gives another interesting relation: 

1 ce^ 

Fs^ = tan^-e^.pF'^'' -J^. (3.125) 

2 cosV' 

(Appendix [B] is useful to understand the precise normalization.) 

This should be compared to free boundary conditions on a gauge field with a theta-angle 
and a boundary coupling: 

^ = / d'^^S^^/.i^'" - ^e^^^TrF^.F;,^) + /" (3-126) 
Jm V2e^ 327r^ J Jg^ 

Requiring that / should be stationary with no restriction on the variation of A at the 
boundary, we get a boundary condition on A that coincides with fl3.125p . if the current of 
the boundary fields is defined as usual by J'^ = 61'/ 6A^ and if in addition 

c=icosV'. (3.127) 

The same restriction on c will appear in a moment from the i?-symmetry analysis. The 
boundary condition on Y can be written in terms of the moment map 

F™'^ = -ie^cosV^/i"^^ (3.128) 

For this equation to be i?-symmetric, the SU (2) factor in the /^-symmetry group that acts 
on Y must be the same as the one that acts on Q. So we aim for a construction in which one 
factor in the SU{2) x SU{2) i?-symmetry group rotates Q and Y, while the other rotates X 
and A. 



The non-i?-symmetric bosonic boundary terms of eqn. (13.1041) . namely 

- eabAx3)TT (^cosij^Y^[X',X'] + smij^X^[Y\Y']^ , (3.129) 

were dismissed in section 13.5.11 because of the boundary condition Y = 0. These terms 
are now equivalent to X^Q^ and XQ^ boundary couplings, which will in general break R- 
symmetry. The existence of separate SU{2) groups rotating X and Q strongly constrains 
X^Q^ interactions and means that XQ^ interactions should be absent. We can rewrite the 
preceding formula in terms of doublet indices 

-z5(x3)Tr (^cos^^F5^[X^,X^] +sin^^Xi[F#,yf]^ . (3.130) 

There are further non-i?-symmetric terms arising from the superpotential. Its derivative 
with respect to Q is 

2crrjX^^Qi + dtW, (3.131) 
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and the square of this gives interactions 

'2c\TjrlT^i''K''QiQl^iKeAc + IcrTjXi^Qid^W,. (3.132) 

Now we have several kind of terms to play against each other. If the terms proportional 
to X^-X^ are symmetrized in a and 6, the result is actually proportional to X ■ X, and thus 
is i?-symmetric, that is, invariant under separate rotations of X and Q. However, the part 
antisymmetric in a and 6, which contracts eahcX^X'^ with an expression bilinear in Q, is 
non-i?-symmetric. It is 

^2 / m, , n , , ^ra \ v AB ^CD r\r ^ 2 emnp ^AB ^CD ^ t^J ^ r^T 

C V^IJ^IKrKT-^U^IKTKTjXm X^ Qj^QjjeAC = C} ''X^ eAcQB^pJTQo- 

(3.133) 

On the other hand, we can apply the Y boundary condition to the first term in fl3.130p and 
replace the trace TrF[X, X] with an explicit sum over the gauge group structure constants: 

^ cosi,cn^XZcX^j,r,uQ'''Qi. (3.134) 

The QQXX terms cancel against each other due to the boundary conditions on F if c = 
I cos^. We will deal with the XQ^ interaction momentarily. 

The Yukawa Couplings 

Now we come to what is in a sense the main point: for the configuration to be su- 
persymmetric, we require just the same condition on the gauge group and hypermultiplet 
representation as in section 13. 2[ As before, this result will come from ensuring /^-symmetry 
of the "Yukawa couplings" Q^X^. This is the only point in the derivation at which we sum 
over all simple factors Gi in the gauge group. 

There are two sources of Q^X^ couplings. One is (13.1131) : the second comes from the 
i?-symmetrization of the coupling 

cos^pT>^LrrjQi- (3.135) 

This requires as usual a term 

cos 4j {cos 4j a Am - Sm4ja3rn)Xl^^T^jQ'^^ (3.136) 

but only 

Ai^rjQ-'^^Am (3.137) 

is present in the Lagrangian. As a result, after completing the p coupling to an i?-symmetric 
coupling, one is left with 

sin tp^sinip a Am + cos ija3„z)X^j^^T^jQ'^^ (3.138) 
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If we start from this term and from fl3.113p and apply the fermion boundary conditions 
(13.1241) . we get the following key boundary Yukawa coupling: 

7rQiQie"^Af^A^^6^^e«^rr^r,-^Ln. (3.139) 

The interaction fl3.139p involves hypermultiplet fields only, and receives contributions from 
every factor Gi. In this formula, A;™" is a quadratic form on the Lie algebra of G that is 
defined as follows. On Qi, the quadratic form equals ±87r( , )j/e^ sin2'?/'j, where the sign is 
+ or — according to whether the group Gi is supported for < or for x'^ > 0. 

Eqn. (13.1391) is not /^-symmetric, but it is identical in form to the first term in eqn. 
(I3.2ip - the term which in the purely three-dimensional derivation came from integrating 
out the auxiliary field x- So the cure is the same as in section 13.21 After picking the 
same superpotential W4 = ^kmnfJ'"^^^ fJ^^AB as in the purely three-dimensional case, we can 
combine two kinds of Yukawa couplings into an i?-symmetric combination. In doing so, we 
have to obey the same constraint on the matter and gauge content as for the Chern-Simons 
theory. So G must be the bosonic part of a supergroup whose Lie algebra has an invariant, 
nondegenerate quadratic form whose restriction to g is /c. 



Application To The D3-NS5 System 

Let us specialize this to the D3-NS5 system, with D3-branes on one side of an NS5- 
brane, and M on the other. The supergroup is U{N\M), and the gauge group is G = 
U{N) X U{M). The usual invariant quadratic form on g is equal to the trace Tr on one 
summand of g and — Tr on the other. The form k found above must be a multiple of this 
(since it must be the restriction to g of an invariant quadratic form on the super Lie algebra). 
Hence, writing ci, €2 and ipi, 'ip2 for the values in the two factors, we have 

el sin 2ipi = ej sin 2?/'2. (3.140) 



This result along with (I3.112p has a simple interpretation. It says that the points 
(ei, 9ym,i, "ipi) and (62, Oym,2, "^2) obey a relation of the specific form r = 47rD(exp(2i-?/') — 1). 
As ip varies, this defines a semicircle in the upper half plane whose rightmost intersection 
with the real axis is at r = 0. We explained in section [3. 1.41 that a Janus configuration of pre- 
cisely that type preserves the same supersymmetry as an NS5-brane. Hence, there should be 
a low energy supersymmetric action describing an NS5-brane interacting with such a Janus 
configuration. This is what we have found, at least for the case that the couplings change 
only by jumping in crossing the fivebrane. The extension to the general case is immediate, 
since, as in section [3.5.11 even if we let and 9ym vary, the boundary terms do not depend 
on their derivatives. 
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Actually, as explained in section I3.1.3[ the existence of the general Janus configuration 
can be inferred from the properties of the D3-NS5 system. We simply consider, as in fig. 
El a system of D3-branes interacting with NS5-branes located at different values of x^, 
with constant couplings Cj and 9YM,i and supersymmetry parameters ipi in between the NS5- 
branes. We take the number of D3-branes to everywhere equal N. We describe each interface 
by the above construction, with jumps in couplings that are constrained by fl3.112p and by 
the fact that D = 1/e] sm2il)i must be constant. Thus the couplings all take values in the 
usual semicircle. 

Finally, we remove the NS5-branes by displacing them in the — — directions. 
This causes the various U{N) gauge groups (in the half-spaces and slabs separated by NS5- 
branes) to recombine into a single four-dimensional gauge group. The couplings, however, 
jump in a discrete version of the Janus configuration, which can approximate a continuous 
Janus configuration when the number of NS5-branes is very large. 

The process of displacing the NS5-branes so that they do not meet the D3-branes corre- 
sponds in field theory to giving expectation values to the hypermultiplet fields Q. (This is 
familiar in the absence of the theta-angle.) As we explained in analyzing eqn. (13.351) . setting 
the potential energy to zero requires that the matrices QaQ^ b commute, and likewise the 
matrices bQa- Generic expectation values for these matrices break the U{N) x U{N) 
symmetry to a diagonal U{N) or a subgroup thereof. 

If we symmetrize in A and B, the matrices QQ\ab) and Q'^Q(ab) become the moment 
maps for the two factors of the gauge group, and according to (I3.128p . they are proportional 
to Y at x^ = 0. The matrices QQ\ab) and Q''Q[ab) have the same eigenvalues, so the 
boundaries values of Y in one U{N) group are conjugate to those in the other, consistent 
with the claim that the symmetry breaking combines the two Y fields into a single such 
field of a single U{N) gauge symmetry. If the matrices QQ\ab) and Q'^Q[ab) are (large) 
multiples of the identity, the U{N) gauge symmetry is unbroken, the NS5-branes decouple, 
and we reduce to a discrete Janus configuration. 

The XQ'^ Terms 

We still have to check the vanishing of the XQ'^ term in the action. One contribution 
from the XYY bulk total derivative is simply 



The second comes from the Q derivative of the superpotential and is more complex: 



- sin ^ cos^ ^r^PX^Bf^Enf^Ap- 



(3.141) 



(3.142) 
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These terms better cancel each other out. We need to rearrange the second term quite a bit. 
We can use an antisymmetrization of the AC upper indices first to transform it to 

^^r, „/, ( ..ABm^I (^mn\ r^JC ^ ,,BCm^I /mn\ r^JA\r , ^ ,,ABm/^IC ( ^•mn\ r^J V 

IT k^n COS 1p \IJ, Qa\J ^ )ljQ -^BCn--^' Q ^ )ljQ -^BCn + Q [T T JuQa^BCti 

(3.143) 

Now we can use the (13.23^ identity to combine the last two terms into 

Tikrnn COS (/i^^'"g^(r'"r"),jg-^^XBCn + /i^'''"Q'^(r"r"),jQiXBCn) • (3.144) 

Finally, these two terms differ only by the order of r™ and r", and one can use the Jacobi 
identity on the gauge generators to finally recast it in the same form as 13.1411 but with 
opposite sign ^ 

nk^nCOS^^''^"'Q'^T^jQ'''X^cfn.nk. (3.145) 



Coupling to Central CFT 

As in the purely three-dimensional case of section 13. 2[ it is natural to express the various 
ingredients in this construction in terms of the current supermultiplet, with an eye towards 
a generalization involving a generic supersymmetric model that satisfies the fundamental 
identity. For example, the boundary coupling to X can be expressed in terms of the M = 1 
supermultiplet M. whose lowest term is the moment map: 

^cos^l A'ex:^''MJs- (3.146) 

The boundary conditions on the bulk fields have the various members of the J\f = A current 
supermultiplet on the right hand side, and are immediately generalized to the hyper-Kahler 
sigma model. The proof of /^-symmetry of the Yukawa couplings is identical to the Chern- 
Simons case, and leads one to hyper-Kahler manifolds with moment maps satisfying the 
fundamental identity. The only new ingredient is to prove that the non-i?-symmetric terms 
of the form X^Q^ and XQ"^ do cancel as a consequence of the fundamental identity as well. 
As the superpotential is given in terms of the moment map superfield, the bosonic terms 
will involve the gradient squared of moment maps. On the other hand the terms which come 
from the total derivatives d^TrXXY and d^TrXYY involve the moment maps directly. To 
be able to compare the two terms, we will need a simple but useful relation from symplectic 
geometry between the Poisson bracket of moment maps and the moment map of the Lie 
bracket of the corresponding vector fields: 

iyn («i/™('^Ab)) = fmnpl^AB 

Here is a useful consequence of this relation: 

^(ci/ij^, dfi'^jj) = ^{ivi^ujAB,iv"]^^CD) = (^Bciv" (^v"-(c^az))) + sym = eBcf^^'fJ'AD + 

(3.148) 



(3.147) 
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We used the fact that the three complex structures have the same algebra as the unit 
quaternions, so that up to an appropriate constant ujl^ul^g^^ = uf^ and ujljUj\^g^^ = (here 
i,j, k,t are indices in the tangent or cotangent bundle). In particular it is also true that 

^{dfi%, dfi"^^) = hiyimUJAB, iv")^CD) = eBc^ADiV", V"") + sym (3.149) 



Let us put these two relations to work to cancel the non R-symmetric X^/x and X/i^ terms 
in the Lagrangian. In particular 13. 1481 will play the role that the Jacobi identity for r played 
in the free hypermultiplet case. The XX fi non-i?-symmetric term from the superpotential 
is 

^ cos^ V^X^^X„^^(«5, df^^cD) (3.150) 

More precisely the part symmetric in (AB) and {CD) is proportional again to X'^X" by 
13.1491 and is i?-symmetric, while the antisymmetric part is 

^ cos^ V^X^^X„^^eBc/r>AD (3.151) 

by 13.1481 and cancels against the TrXXF total derivative. The analysis of the terms linear 
in X proceeds quite smoothly as well: we start with 

^ cos#„,/x^^X„^^(c?/i:j^, df^^D) (3.152) 

and proceed in complete parallelism to the free field computation. 

The quiver construction of sect ion [3 . 2 . 3 1 gives examples of three-dimensional superconfor- 
mal field theories that obey the fundamental identity, so that the above analysis is applicable. 
Actually, we can now motivate this quiver construction. In fig. [2] of section 13.2.31 the slabs 
between two NS5-branes are macroscopically only three-dimensional (as the coordinate is 
bounded between two branes), so at low energies one can use an effective three-dimensional 
description of the gauge fields that live in the slabs. In this description, the three-dimensional 
gauge fields in the slabs have no Chern-Simons couplings, since the contributions to those 
couplings cancel at the two ends of the slab. Hence these gauge fields only have ordinary 

kinetic energy. In the limit that the slabs are thin, the three-dimensional gauge fields 
become strongly coupled. We can integrate them out of the low energy analysis by taking a 
hyper-Kahler quotient of the hypermultiplets that they couple to. This leads to the quiver 
construction of section I3.2.3[ The theories that arise from the quiver construction must obey 
the fundamental identity; indeed, we know from the analysis of the D3-NS5 system that the 
brane configuration of fig. [2] can be coupled to bulk gauge fields with 9ym 7^ (even before 
taking the limit that the slabs become thin). We verified the fundamental identity directly 
in section [3.2.3[ 
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A Some useful relations about spin indices 



The obvious identity 

A^^Bp^ = -C^pA^B^ (A.l) 
will be often useful, along with the similar formula 

A^'Bp - ApB'' = 6'^A"'B^. (A.2) 

A vector is represented in spinor notation as a matrix 

The norm is 

= 2yW^. (A.4) 
in signature — h +. The exterior product is computed by 

fap^^sC^' + fsp^^aC^' = ^iLs S^VAW (A.5) 

Moreover 

fa0^',s$pxC^'C'''C^^ = -2ie'^''^V^W,S, (A.6) 

Similar formulae are valid for SU{2) indices, raised and lowered by the conventional 
alternating tensor ei2 — e^^ — 1. A vector is represented in spinor notation as 

The norm is 

f^^'WAB = -2V^W^. (A.8) 
The exterior product is computed by 

VAB^coe^'' + toB^CAe^'' = 'ii$AD S^VAW (A.9) 

Moreover 

f AB^^CD-^EFe^^'e^^e^^ = lie^'V^V.S, (A. 10) 
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B Some Miscellanea About J\f = 1 



The content of this appendix is mostly trivial, but it is a useful gymnastic in preparation to 
the next appendix, where the closure of the Af = A SUSY algebra is explicitly checked for our 
Chern-Simons theory. Let us do a bit of A/^ = 1 SUSY to check the superfield lagrangians. 
Basic real superfield 

S(f) = e'^i/ja 

5F^e''i$ii^p (B.l) 



S^F = e'^e''ifj$^p(t) - e'^epi$iF = e''e^i$^pF (B.2) 



Kinetic terms: 



8 Qf^) = e-F^fy, 
S (^-i^a^^^af 0^ = -ie^za^^zaf^^ = ^e^t0it0;(l>^, (B.3) 



Super potentials: 

6 (VF(0)'F) = We^'ipaF + W'e"i$iil^p 
5 {w{(t>)"\ri^}j = ^W's^^^r^a + W"e^$l(t>i^^ - We^Fi;^ (B.4) 



For the gauge multiplet 



>4a/3 = ^aXp + £/3Xa 

5Xa = e^fap (B.5) 
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S'xa = ef'SUf, (B.6) 



We need 5^4a/3 = ^'^^^'^^'yS;ap ^-iid learn 

1 „ 1 „ 1 „ 1 



and 



Hence ^ 

£^(^/a/3 = 2 {^^^'^'^^ocyXp + £^£/3«^a7X^ " s^ej^^x^ - e^e^i$lxa) (B.9) 

and works. 

Kinetic terms 

(B.IO) 



Remember $'^^fap — 0. More conventionally, 
The first term drops by symmetries. 



Chern Simons term 



^'^•f'yXa 



s\4apr^ = r^s^xp (B.12) 

More conventionally, 

i4"'/a/3 = lr'rar,p = \c-'0'''C-<^Ufan,,r = A,F^, (B.13) 
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Consider some real multiplets in a real representation of the gauge group, with covariant 
derivative iD^ = id^cj)^ + A^T'^-cp^ . The coupling to gauge fields is 



The current 

- i}''T'i}^ - (l)Tif^(j) (B.15) 



Notice that if = ^TV'" 



5f = e^i/jpTi/j'' + e^(t)Ti$'l4) + £"0TF = spt'^ + e^^TF (B.16) 



Hence 



5^/"'^4a/3 = r^^o^Xfi H 

<^-rXa = -£^rV (B.17) 



C Closure of the Chern-Simons Super symmetry Alge- 
bra 

The supersymmetry transformations are 



Ba 



For readabihty, we will denote Tf^Q'^^ as (TQ)^^, Q^,t^^QI as {QtQ)cb, X^^^^rfjQi 

as (Ar(5)^^A leave kmn implicit, with a single exception for a formula where two kmn 
appear. 

5X\^ = efilt)^pQ'B + \el^{TQy''{QTQ)cB 

= ef{\TQ)p^^ + ef{\TQ)^^^ (C.2) 
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The second variation of Q is 

52g^ = efefilD^pQ'c + \efe%^iTQy''{QrQ)cDk^n (C.3) 
In the first term the part is antisymmetric in A and C and can be rewritten as 

\etefiIPo.pQ'A (C.4) 

and is the conventional gauge covariant translation. The second term needs some rearrange- 
ments 

- l^f^aiTQYciQrQfD (C.5) 

Antisymmetrizing on AC gives 

l^^^BaDiTQY^iQrQf^ - \e^c''e%^{TQyAQrQfu (C.6) 

Application of the fundamental identity to the first term by cyclically permuting the JKT 
indices in TJ^^r^rpkmn gives finally 

_^SaC^D^^n^^^^jim/Qj^ (C.7) 

This is a gauge transformation by a parameter ^e^°''-^ e^^fj^Qj^kmn 
Let us now look at the fermion supersymmetry transformation: 

(C.8) 



In the first term we just need to antisymmetrize the spin indices a'y 

efe^^Ip,,X^^^ + efs%^^IplX^^^ (C.9) 

The first part is the usual translation, while the second part will go to the equations of 
motion. 

The last three terms can be rearranged through the fundamental identity and recombined 
together. The total ggA part is 

efeZ^{TQ)i{\TQ)^t,c + ^^^f (^Q)i^mn(Arg),^^ + sI^s^^TQY^ {QtX)^^,^ (C.IO) 
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We expect to find the same gauge transformation as before: 



1 



e^'^'" e^^^^^kmnTy^ \\ (C.ll) 



Wc saw from tlie derivative term tiiat the equations of motions instead should contain only 
the contraction s^e^^. The residual symmetric part, proportional to ^^^^^ should cancel. 

-s^'''e%^{QTQ)cD{TXy^^ (C.12) 

The first, second, third, fourth, fifth and sixth terms all come together and the expression 
simplifies to 

- 2£^^^£j^(rg)L(grA)^„^ - £^^^£g^(Qrg)ci.(TA)^^ (C.13) 
This is zero by the fundamental identity. The remaining terms proportional to e^e%^ 

arc 

\^'AB^fiTQyc{>^rQ)% + ^4B^r(^Q)c(Arg) - ^£i.«£^'^^(rg)^^(QrA)^^^ (C.14) 
It is straightforward to rearrange the spin indices and recombine everything to 

^AB^fiTQyckU^TQfpD (C.15) 
The fermionic equations of motion are 

efe%, (i$lX'c, - T^''Qlk^nrhQ'''>^^c) = (C.16) 
Finally we want to look at the supersymmetry variations of the gauge fields 

(C.17) 

The first term is easy to discuss: the part of the e bilinear which is symmetric in BC 
drops out and the rest becomes 

The second term written in full is 

sfe^'^^iQATilpfS-yQc) + efel\QATilJ)^^Q)c (C.19) 
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The part symmetric in AC is the usual gauge transformation 

-^D^pi^e^'^'^e^^^^^CDkmn (C.20) 

The antisymmetric part is 

I {'A4i.) {QBriIp,),Q^) = \ k^J% (C.21) 

The third term is written in full as 

\efe''^^kmn{QAr''T°Q'')K,{QTQ)cD + \efe''^^k^n{QAr''T"Q'')K,{QT^Q)cD (C.22) 
The e bilinears are actually antisymmetric in AD, hence we can simplify a bit 

\eLe%k^n{QAr''T°Q^)ko,{QT^Q)^ (C.23) 

The Qj^rfjTg^Q^'" multiplies a term symmetric in AC . From the relation TjujiK = tjk 
it is possible to see that the product of structure constants is made into a commutator by 
symmetrizing AC, and the term simplifies to something proportional to I^^acI^^^^ fpqm which 
is zero by complete antisymmetry of the structure constants. 

Hence we learn that ^ 

^ma(} = -^{^'a' 4{o^ ^mnJf p)^ (C.24) 

Comparison with the expected result gives the equations of motion for the gauge fields: 

/ma/3 = /a/3 (C.25) 



Comparison with appendix [B] gives the normalization of the Chern Simons term: ^^AAdA, 

2^' 



hence to get a canonical normalization we need to replace fc"^"' ■ 



The equations of motion for the fermions become 



ilpy^^ - 27rfc„„T-^QSr^^Q-^^Af^. (C.26) 



The Yukawa couplings must be —n{X^'^T'^"-QD)kmniQ^T^'^ 



PC) 



Another useful normalization is the comparison with the M = 1 formalism. Just set 
= S^Ea in the SUSY transformations to verify the values of the auxiliary fields: (we also 
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introduce the factor of 27r) 



We learn 
and 

as expected. 



■^motP — '^'^kmn^{a^p)'^uQA (C.27) 



J '^T^ I JC K T 

F4 = 3""^'^ ^ Qc^RrQA^mn (C.28) 



D Relating 4d and 3d Expressions 

Let us review again the J\f = 4: current multiplet in 3d. For free hypermultiplets the gauge 
current is 

Jf)^ = AfrAe^ + QbtiIPp^Q^ (D.l) 

The supersymmetry variation of the moment map defines the superpartner of the gauge 
current: 

W = £gf A^T.^gi) = £fA%Ca JABa = A^^^T^jQ^ (D.2) 

The supersymmetry variation of the current superpartner is then 

^JABa = ^T>^iA^IJ + Qi4^0af,QcriJ (D.3) 

Wc can separate various components by taking symmetric and antisymmetric parts in the 
bosons and fermions. The part symmetric in the two Q is 

^sftlp^p^AC (D.4) 
. The fermion bihnear which is a spacetime scalar is 

Istxi^X^ij = etOcB = \>^i/irij (D.5) 

and the remaining part is 

l^X.^'^^'^^^J - l^^'^Qi^'AB^^a.Q'Erij = —e'^^Lp (D.6) 
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In the paper we use boundary conditions of the form Y^b = c^ab- This equation makes 
sense because both Y^^ and the moment map are the leading components of two identical 
OS'p(4|4) supermultiplets. As a result, under 3d jV = 4 supcrsymmctry variation one gets 
a multiplet of boundary conditions equating corresponding members of the supermultiplets. 
Indeed, the fields of the A/" = 4 gauge multiplet in four dimensions decompose under the 
3(i A/" = 4 supergroup into two multiplets which are identical in quantum numbers to the 
current supermultiplet or to the mirror current supermultiplet respectively {Y has spin (1, 0) 
and X has spin (0, 1) under the i?-symmetry group). The precise decomposition depends on 
the value of ■0. The supersymmetry variation 

SY" = i£r«* = -^e^'^^srbcr^Bi* (D.7) 

As the generators F^c act on Vg only, the supersymmetry variation involves the projection of 
on a specific vector in V2. If we use the decomposition 

* = BiSo (8)^1 + BiSo (g) *2 (D.8) 

we can rewrite the supersymmetry variation of Y 

^ -'-e''>'%eT'Boeo)rbc'ifi (D.9) 
Now that everything happens in Vg we can reintroduce the S0{2, 1) x S0{3) x 5*0(3) indices: 

5Yab = £fi'*iB)Ca (D-10) 
and discover the boundary condition "i^iBCa ~ ^jsca- 'aexi step, we need 

5*1 = £0^2* = ]^eoB2V'''Fije. (D.ll) 

There are several contributions. The gamma matrix bilinears can be rewritten as various Bi 
times generators of SO [2, l)xS'0(3)xS'0(3). These B^ matrices are sandwiched between Sq 
and e — Sq^t], and we can compute the inner products in V2 right away: if the matrix is B2 
the term drops out, as SqE = 0, if the matrix is Bi the result is -0 independent, if it is 1 the 
result is proportional to — sin?/', if it is Bq it is proportional to — cos il). The D^Y^^ has B2 
and corresponds to the derivative of the moment map in the 5j. The gauge field strengths 
come as \F^j,j,e'^^P siw^ + FP^cost/j, and should be equal to cJ^. Physically, we know that 

= I'J' - ^^M-e'^'^'tanV', (D.12) 

where the second piece on the right hand side is the current induced by the Chcrn Simons 
term a the boundary or by the theta-angle. The factor of two in front of the current is due 
to the slightly non-standard normalization of the gauge field kinetic term. Hence we learn 
that c = icosV' and = 

2 ^ Sit-' cosV' 



64 



Finally, there are terms as D^Xj^^j^ and — sin X]^^ whose sum equals cO^^. 

Along similar lines we could compare the Yukawa couplings computed with the ?>d for- 
malism to the conventional J\f = 4 ones. If we plug 

^ = BiEo ® ^1 + B2eo ® ^2 (D.13) 

in the fermion kinetic terms in A/" = 4 super Yang-Mills we get an expression in Vg 

i 

we can reintroduce the 50(2, 1) (g) 5*0(3) ® 50(3) indices 

l-^J2^f^''€^^AB, (D.15) 

i 

The X Yukawa couplings in A/" = 4 super Yang-Mills are 

- 4^r'^[x", ^] = ^e"*"^^^„^35l[x^ ^] (D.ie) 

If we plug in 

^ = BiEo ® ^1 + 52^0 ® ^2 (D.17) 

we get 

J^e'^bc ^_ cos^^iFfc^iX", ^i] + sin7/>^l^,,[X^ ^2] + sin V>^2^6c[X^ ^1] + cos^^sF^clX", ^2]) 

(D.18) 

Now that everything happens in Vg we can reintroduce the 50(2, 1) ® 50(3) (8)50(3) indices: 



- i (- cos^v^f|[X^^, vl/^^^J + 2sinV^vl/^|[X^^, vj/^^^J + cos^vl>^|[X^^, v]/,^^, 

(D.19) 

This agrees with the computation in the text. 
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